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TO THR 
RIGHT HONOURABLE 


George Earl of Macclesfield. 


MY LORD, 


S I eſteem it a very great Honour to 
be permitted to place the following 
Sheets under your Lordſhip's Pro- 

tection, who are not only an Encourager of, 

but an Ornament to, Mathematical Learn- 
ing; I have taken more than ordinary Pains, 
that, What is here uſher'd into the World, 
with ſuch Advantage, may not be found al- 
together unworthy of ſo diſtinguiſhed a 
Patron. 


I am not vain enough to imagine, that, to 
One ſo deeply read in theſe abſtruſe and cu- 
rious Speculations, as your Lordſhip is uni- 

2 verſally 
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DEDICATION. 


verſally allow'd to be, this Work will appear 
without Faults : But then, I have the Satiſ- 
faction to think, on the other hand, that, 
whatever is Here to be met with capable of 
bearing the Teſt of an exact and ſolid Judg- + 
ment, will alſo have its due Weight, and not 
fail of receiving your Lordſhip's Approba- 
tion : And if, upon the Whole, there 1s Merit 
enough found to intitle me to a favourable 
Reception, it will gratify the higheſt Am- 
bition of, 3 | 


Mx Loxy, 


Your LorvDsniPe's 


 Moff Obedi nt Humble Servant, 


Tho. Simpſon. 


a Piece, on this ſame Subject, under the 

Title of A Treatiſe of Fluxions (whereof 
the whole Impreſſion hath been long ſince ſold) 
it may be proper here, firſt of all, to aſſign the 
Reaſons why this Work is ſent abroad into the 
World as a New Book, rather than a Second 
Edition of the ſaid Treatiſe... Which, in ſhort, 
are theſe two : Firſt, becauſe the preſent Work 
is vaſtly more full and comprehenſive ; and, ſe- 
condly, becauſe the principal Matters in it which 
are alſo to be met with in that Treatiſe, are 
handled in a different Manner. 


Hs, in the Year 1737, publiſhed 


BESTIͥůU Es the Preſs-Errors with which the 
ſaid Treatiſe abounds, there are ſeveral Obſcu- 
rities and Defects (which the Author's Want of 
Experience, and the many Diſadvantages he then 
labour'd under, in his firſt Sally, may, 1t 1s 
hoped, in ſome meaſure excufe.) But what Is 

A 3 now 
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PREFACE, 


now offer d to the Publick, being a Performance 

of more mature Conſideration and Judgment, 
it will, I flatter myſelf, be found much more 
correct, and claim a favourable Reception; eſ- 
pecially, as particular Care and Pains have been 
taken to put every Thing in a clear Light, and 
to oblige the lower, as well as the more expe- 
rienc'd, Claſs of Readers. 


Tn Notion and Explication Here given of 
the firſt Principles of Fluxions, are not eſſen- 
tially different from what they are in the above- 
mention'd Treatiſe, tho expreſſed in other Terms. 


The Conſideration of Time, which I have in- 


troduced into the General Definition, will, per- 
haps, be diſliked by The/e who would have Flux- 


ions to be meer Velocities: But the Advantage of 


conſidering them ozherwiſe (not as the Velocities 
Themſelves, but the Magnitudes They would, 
uniformly, generate in a given finite Time) ap- 
pear to me ſufficient to obviate any Objection on 
that Head. 


By taking Fluxions as meer Velocities, the 


Imagination is confin'd, as it were, to a Point, 


and, without proper Care, inſenſibly involv'd in 
metaphyſical Difficulties : But according to our 
Method of conceiving and explaining the Mat- 
ter, leſs Caution in the Learner is neceſſary, and 
the higher Orders of Fluxions are render'd much 
more caſy and intclligible——Beſides, tho* Sir 

Tſaac 
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J/aac Newtan defines Fluxions to be the Velocities 
f Motions, yet He hath Recourſe to the Incre- 
ments, or Moments, generated in equal Particles 
of Time, in order to determine thoſe Velocities; 
which he afterwards teaches us to expound by 
finite Magnitudes of other Kinds : Without 
which (as is already hinted above) we could have 
but very obſcure Ideas of the higher Orders of 
Fluxions : For if Motion in (or at) a Point be 
ſo difficult to conceive, that, Some have, even, 
gone ſo far as to diſpute the very Exiſtence of 
Motion, how much more perplexing muſt it be 
to form a Conception, not only, of the Velocity 
of a Motion, but alſo infinite Changes and Af- 
fections of I, in one and the ſame Point, where 


all the Orders of Fluxions are to be conſidered. 


SEEING. the Notion of a Fluxion, according 
to our Manner of defining It, ſuppoſes an uni- 
form Motion, it may, perhaps, ſeem a Matter 
of Difficulty, at firſt View, how the Fluxions 
of Quantities, generated by Means of accelerated 
and retarded Motions, can be rightly aſſigned ; 
ſince not any, the leaſt, Time can be taken during 
which the generating Celerity continues the ſame: 
Here, indeed, we cannot expreſs the Fluxion by 
any Increment or Space, actually, generated in a 
given Time (as in uniform Motions.) But, 
then, we can eaſily determine, what the contem- 


porary Increment, or generated Space would be, 


it the Acceleration, or Retardation, was to ceaſe 
at 
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PREFACE _ 
at the 1 Poſition in which the Fluxion is to 
be found: Whence the true Fluxion, itſelf, will be 
obtained, without the Aſſiſtance of infinitely ſmall : 
Quantities, or any metaphyſical Conſiderations. 


Tus, for Example, the Motion of a Ball, de- 
ſcending by the Force of its own Gravity, is con- 
tinually accelerated; but to have the Fluxion of the 
Diſtance fall'n thro* at any given Poſition of the 
Ball, we muſt find how far the Ball would, uniformly, 
deſcend, from that Point, in a given Time, if the 
Gravity, or the Earth's Attraction, from thence, was 


to ceaſe acting. By which Means we ſhall have as 


clear an Idea of the Fluxion and the true Meaſure of 
the Velocity of the Ball, at any Point aſſigned, as in 
thoſe Caſes where the Motion is, actually, uniform. 


Acain, if a Right - line be ſuppoſed to move 
parallel to itſelf with an equable Motion, and to 
increaſe in Length, at the ſame Time; the Area 
generated thereby, will increaſe with an accele- 
rated Velocity : But the Fluxion thereof, at any 
given Poſition of the Line, will be had by taking 
that Part of the Increment which would; uni- 
formly, ariſe, was the Length (as well as the 
Velocity) of the Line to continue invariable from 
the propoſed Poſition. For, if the Length be 
ſuppoſed to. increaſe, from the ſaid Poſition, the 
Area generated, from thence, will be, evidently, 
greater than That which would uniformly ariſe 


1n the ſame Time; ſince the new Parts, produced 


: each 


each ſucceeding Moment, are greater and greater, 
Therefore the Fluxion muſt be leſs than any Space 
that can be deſcribed, in the given Time, when 
the Line increaſes. And, in the ſame Manner, 
the Fluxion will appear to be greater than any 
Space that can be deſcribed, in the ſame Time, 
when the Line decreaſes. 1 muſt, therefore, 
be equal to that Space, which will ariſe, when 
the Length of the generating Line, from the gi 
ven Poſition, is ſuppoſed neither to increaſe nor 
decreaſe : Agreeable to Art. 4. 


Tus much it ſeem'd proper to offer Here 
with regard to the Firſt Principles ſhall now 
proceed to ſay ſomething concerning the Order 
obſerv'd in treating, and putting together, the 
ſeveral Parts of the Work ; wherein the Eaſe 
and Benefit of the young Beginner have been par- 
ticularly conſulted : To load ſuch an One with a 
Multitude of Rules and Precepts, before giving 
him any Taſte of their Uſe and Application, 
would, certainly, be very difcouraging ; and like 
obliging a Traveller to aſcend an high Mountain, 
without allowing him to ſtop by the Way, to take 
Breath, and refreſh his Spirits with a Proſpect of 
the agreeable and extenſive View he has to expect 
when he arrives. at the Summit : I have there- 
fore, after demonſtrating the Firſt Principles, 
' proceeded immediately to exemplify their Utility 
in ſeveral entertaining Enquiries, before touching 
at all upon the Inverſe Method, or the more dif- 
| ficult 
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ficult Parts of the Direct. And, ſince that Branch 
of the Inverſe Method which treats of the Com- 
pariſon of Fluents is, naturally, ſomewhat difficult, 
it is referred to the Second Part of the Work, to- 
gether with ſuch other Matters in the Theory as 
might appear, either, too. tedious or hard to a 
Learner at firſt ſetting out. The like Care has 
been taken in the Diſpoſal of the reſt of the 
Work As to the ſeveral Particulars whereof 
Þ is compoſed, I muſt refer to the Book itſelf, 
They being too many to be here enumerated : 
One Thing, however, I muſt not omit to take 
notice of, relating to that Part which treats of 
the aforeſaid Buſineſs of Fluents : To which it 
may, perhaps, be objected, That, notwithſtand- 
ing my having inſiſted ſo largely on the Subject, 
there are a Number of Forms of Fluxions 
and Fluents to be met with in Authors, that I 
have not ſo much as touch'd upon. This is 
granted ; but then they are moſt of them ſuch 
as, I dare pronounce, can never ariſe in any In. 
quiry into Nature : And it would, doubtleſs, be 
Time and Labour miſapply'd, to ſwell the Work, 
and embarraſs the Learner with a Number of un- 
neceſſary Difficulties, and empty Speculations z 
when what is, really, proper and uſeful, in the 
Subject, is ſufficient (it is well known) to exer- 
ciſe his utmoſt Attention and Reſolution. 


I Canxor put an End to this Preface without 
acknowledging my Obligations to a ſmall Tract, 
3 in- 


PREFACE, 
Intitled, An Explanation of Fluxions in a Short Eſſay 
on the Theory ; printed for W. ums: Wrote by a 
worthy Friend of mine (who was too modeſt to 
put his Name to that, his firſt, Attempt) whoſe 
Manner of determining the Fluxion of a Rectangle, 
and illuſtrating the higher Orders of Fluxions, I 


have, in particular, iollow'd, with little or no 


— 


if 
i 


7 
N 


xi 


* * 34.46. = = — 
* 
— ] N 
—— es a GG i Ie 
* 


till, &c6. 


ER RAT. 


a page 10. I. 15. for & read ; p. 34. 1.1. r. 


nuniſormiy; p. 49. I. 10. let the Comma before the Word 


which be put after it; p. 7 T. 1. 13. for Involute, r. Evo- 
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p. 160. I. 7. for , r. 4 p. 172. I. 21. for *, 
r. ; p. 215. I. 4. and 6. for OC?, r. OC Xx OG; 
p. 253. l. 5. and 6. for CQ, r. Cg; p. 24. inſtead of 
I. 27. read, which Equation being no longer poſſible than 
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DocTRINE and APPLICATION 
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FLUXIONS. 


PART the Firſt. 
SCION LL 
Of the Nature, and Inveſtigation, of 
Nuxions. | 


— 


10 N Order to form a proper Idea of the Nature of 
Fluxions, all Kinds of Magnitudes are to be 
conſidered as generated by the continual Motion 
of ſome of their Bounds: or Extremes; as a 
Line by the Motion of a Point ; a Surface by 

the Motion of a Line; and a Solid by the Motion of a 

Surface. e 33 

2. Every Quantity ſo generated is called a variable, or 
flowing Quantity: And the Magnitude by which any 
fimuing Quantity wouLD BE wnformly increaſed in a 
given Portion of Time, with the generating Celerity at any 
propoſed Poſition, or Inſtant (was it from thence to con- 
tinue invariable) is the Fluxion of the ſaid Quantity at 
that Poſition, or Inſtant. | 


B 3 


% 


ee Es 


The Nature and Inveſtigation 


Thus, let the Point n be conceived to move from A, 
| and generate the 


MM m 7 variable Right- 
A: — —— A 
| R Motion any how -. 
| regulated; and 


let the Celerity thereof, when it arrives at any propoſed 
Poſition R, be ſuch as would, was it to continue uni- 
form from that Point, be ſufficient to deſcribe the Diſ- 
tance, or Line Rr, in the given Time allotted for the 
Fluxion: Then will Rr be the Fluxion of the variable 
Line Am, in that Poſition. 
3- The Fluxion of a plane Surface is conceived in 
Es like Manner, 


"0 6 byſuppoſinga 


— | 15 given Right- 
1 | line n to 
f move parallel 
| Tm 
A "I 


TTT 
r 7 the Plane of 


| | | the parallel, 
and immoveable Lines AF and BG : For, if (as above) 
Rr be taken to expreſs the Fluxion of the Line Am, 
and the Rectangle RrsS be completed; then that ReQ- 
angle, being the Space which would be uniformly de- 
ſcribed by the generating Line mn, in the Time that 
Am would be uniformly increaſed by mr, is therefore 
the Fluxion of the generated Rectangle Bm, in that 
Poſition, according to the true Meaning of the Defi- 

nition. ' | 
4. If the Length of the generating Line mn con- 
tinually varies, the Fluxion of the Area will Yi be 
expounded by a Rectangle under that Line and the 
Fluxion of the Abſciſſa, or Baſe: For let the cur- 
vilineal Space Amn be generated by the continual, and 
parallel, Motion of the (now) variable Line mn, and 
let Rr be the Fluxion of the Baſe, or Abſciſſa, Am (as 
before); then the Rectangle RrsS will, here alſo, be the 
Fluxion of the generated Space Amn : Becauſe, if the 
Length and Velocity of the generating Line mn were 
| to 
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to continue invari- 
able from the Poſi- 
tion RS, the Rect- 
angle RrsS would 
then be uniformly 
generated, with the 
veryCelerity where- 
with it begins to be 
generated, or with 
N 
Ann is increaſed in & . 
that Poſition. 

5. From what has been hitherto ſaid it will appear 
that the Fluxions of Quantities are, always, as the 
Celerities by which the Quantities themſelves increaſe in 
Magnitude : Whence it will not be difficult to form a 
Notion of theFluxions of Quantities other wiſe generated; 
as well ſuch as ariſe from the Revolution of Right-lines 
and Planes, as thoſe by parallel Motion : But of this here- 
after. I come now to ſhew the Manner of determin- 
ing the Fluxions of algebraic Quantities ; by which all 
others, of what Kind ſoever, are explicable. But firſt 
of all it will be requiſite to premiſe the following Ob- 
ſervations. bw 

I. That the final Letters u, w, x, y, 2 of the Alpha- 
bet are commonly put for variable Quantities; and the ini- 
tial Letters a, b, c, d, &c. for invariable ones: Thus 
the Diameter of a given Circle may be denoted by a, 
and the Sine of any Arch thereof (conſidered as varia- 
* by x. 5 | 

I. That the Fluxion of a Quantity repreſented by a 

fingle Letter, is uſually expreſſed the ſame Letter with 
a Dot or Full. point over it : Thus the Fluxion of x is 
repreſented by x, and that of y by y. 

III. That the Fluxion of a Duantity which decreaſes, 
inſtead of increaſing, is to be conſidered as negative. 
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PFROPOSITLON 1 


6. The Fluxion of a Quantity being given, tis propoſe 2 


to find the Fluxion of any Power of that Quantity. 


As a clear underſtanding of this Problem will be of 
great Importance, throughout the whole Work, it may 
not be improper to conſider it firſt in one or two of its 


moſt {imple Caſes. ' 


Caſe 1. Let & expreſs the Fluxion of x, (according 
to the foregoing Notation) and let the Fluxion of x* 
be required. | 
| Conceive two Points m and # to proceed, at the ſame 
time, from two other Points A and C, along the 
Right-lines AB and CD, in ſuch ſort, that the Mea- 
ſure of the Diſtance CS (y), | deſcribed by the latter, 
may be, always, equal to the Square of that AR (x), 


. deſcribed by the former moving, uniformly. 


1 2 B 
C- a . he” J. 3 „ 
. „ ·˙ 


Furthermore, let r, s, and R, 8, be any contem- 
porary Poſitions of the generating Points, and let the 
Lines x and repreſent the reſpective Diſtances that 
would be uniformly deſcribed, in the ſame time, with 


the Celerities of thoſe Points at R and S, then thoſe 


Lines will expreſs the Fluxions of Am and Cz in this 
Poſition, (by the Definition, Art. 2 and 5). 
Moreover, ſince Cs=Ar* and CSS AR (by 
Hypotheſis), if Rr be denoted by v, we ſhall have CS 
F - = $* = 2zv + u, and 


conſequently Ss ( = CS -C) = 2xv—r*; from 


whence we gather, that, while the Point n moves over 


2a v 


of FLUXIONS. 
zu-. But this laſt Diſtance (ſince the _— of 


any Quantity is known to increaſe faſter, in Propor- 
tion, than the Root) is not deſcribed with an uniform 
Motion (like the former), but an accelerated one ; and 
therefore is equal to, and may be taken to expreſs, the 
uniform Space that might be deſcribed with the mean 
Celerity at ſome intermediate Point e, in the ſame time. 
Therefore, ſeeing the Diſtances that might be deſcribed, 
in equal times, with the uniform Celerity of m, and 
the mean Celerity at e, are to each other as v to 2xv 
— , or as I to 2«—, or, laſtly, as x to 2xx — Ox, 
(all which are in the ſame Proportion) it is evident, 
that, in the time the Point would move uniformly 
over the Diſtance æ, the other Point u, with its Cele- 


rity at e, would move uniformly over the Diſtance 2xx 


—vx. This being the Caſe, let r, R, and s, 8, be 
now ſuppoſed to coincide, by the Arrival of the gene- 
rating Points at R and S, then e (being always between 
s and S) will likewiſe coincide with 8; and the Diſtance, 


2xx—vx, which might be uniformly deſcribed in the 
aforeſaid time, with the Velocity at e, (now at S), will 


become barely equal to 2xx ; which (by the Defin.) is 
equal to (5), the true Fluxion of Cz or x* *. 


a It may, perhaps, ſeem inaccurate, that the Fluxions of x 
and x* are compared together, and expreſſed both by Lines, © 
when the flowing Quantities themſelves, confidered as a Right 
Line and a Square, admit of no Compariſon, This Objection 
would, indeed, be of force, avere the Expreſſions reſtrained to a 
geometrical Signification ; but here our Notions are more ab- 
ſtrated and univerſal, not obliging us to regard what Kind of 
Extenſion, may be defined by this or that Expreſſion, but only 
the Values of the alzebraic Quantities thereby ſignified; to 
avhich the Meaſures of all other Quantities whatever are ulti- 
mately referred.—— And, though Quantities of different Kinds 
cannot be compared with each other, their Meaſures, in Num- 
bers, ny. — Il us, for Inſtance, thouzh it would be wrong 
to affirm, that a Square whoſe Area is ) Inches is equal ta a 
Line of 9 Inches long, yet it is no Impropriety at all to ſay toe 
Numbers expreſſing their Meaſures, in Tuches, are equal, _ 
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7. Caſe 2. Let the Fluxion of x3 be required. 

Suppoſe every Thing to remain as in the preceding 
Caſe; only let Cu be here equal to the Cube of Am 
(inſtead of the Square). + 

Then, in the very ſame manner, we have Ss (=CS 
Cr —x—o))= 3x*v—3zv*+v): From whence 
it appears, that the Diſtances which might be deſcribed, 
in the ſame time, with the uniform Celerity of n, and 
the mean Celerity at e, will, in this Caſe, be to each 
other as v to 2x% — 2xv* + ov, or as x to 3 — 
3xvx+v*x : Which laſt Expreſſion, when 3, e, and 8 
coincide (as before) will become 3x*x, the true Fluxion 
of x3 required. 

8. Univerſally. Let Cn be, always, equal to Am" 3 
alſo let = (or x—v raiſed to the Power whoſe Ex- 


ponent is n) be repreſented by at ax ub "vo 


er ., Oc. and let every Thing elſe be ſuppoſed 


as above. 
Then, ſince Ss (* *) , ar bir v 
T v3, Ec. it is plain that the Spaces which might 


be deſcribed, in the ſame time, with the uniform Ce- 
lerity of n, and the mean Celerity at e, will, here, be 


1—1 8 —ů 2 2 
to each other as v to ax wv—bx wv box , e. 
. 1 - —— - = 
or as x to ax x—bx © Vxbes x, Ce. | 
Therefore, all the Terms, wherein v is found, vaniſh- 


— - .* ' 7— 1 . 
ing, when s, e, and S coincide, we have ax x for 


the required Fluxion of Cn, or **; which Fluxion, 
becauſe the numeral Co- efficient of the ſecond Term of 
a Binomial involved is known to be, univerſally, equal 
to the Exponent of the Power, will alſo be truly ex- 


preſſed by ux x. Q. E. I. 
9. If the Quantity Am (or x) be generated with an 
accelerated, or a retarded Motion, inſtead of an uni- 
| form 
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form one, the Fluxion of * you Cn) will come out 
exactly the ſame : 

For the Spaces R and 5S, actually deſeribed in the 
fame time, _ always, to each other, in the Ratio 


of & to ax en on, Se. the mean Celerities 
at certain intermediate Points between r. R and 3, 8 
muſt, alſo, be in that Ratio: Which, . when v vaniſhes 


(as above) will become that of x to ax k, (or me *) 
the very ſame as before. : 
PROPO SITION 1. 


10. To find the Fluxion of the Product or Reftangle of 
titus variable Ruantities, 


Conceive two Right-lines DE and FG, perpendi- 
cular to each 


other, to move, A E 

from two other | bs ih 

Right - lines, 7 — „ 

BA and BC, E 71 
continually pa- H] | G 


rallel to them: 
ſelves, and T7 : 


thereby gene- 3 

rate the ReQ- | X . 

angle DF. Let B D C 
thePath of their 


Interſection, or the Loci of the Angle H, be the Line 
BHR; alſo Jet Dd (2) and Ff (5) de. the Fluxions 
of the Sides BD (x) and BF (y), and let dm and ft, 
parallel to DH and FH, be drawn. Therefore, be- 
cauſe the Fluxion cf the Space or Area BDH is truly 


expreſſed by the Rectangle Dm (S *) and that» art, 4. 


of the Area, or Space BFH, by the Rectangle Fn, and 
equal Quantities have equal F luxions, it follows that the 
Fluxion of the Rectangle x&y=DF (=BDH+BF H) is 
truly expreſſed by * +55. E. I. 


B 4 The 


i 8 


3 
Fry 
5- E \ 


The Nature and Inveſtigation 


The ſame otherwiſe, - 


| 27. Let xy be the given Rectangle * before); ; * 
put z==x+y, then 2 being * 22 + y*, we ow | 
77 — r —-＋ xy. But the Fluxion of 22 — 

Tk 2: 


—27'> (and conſequently that of its Equal xy 
r is alſo * to x Dar- = . 


* (by Art. 6) : Which, bec becauſe z = x+ 


8 1. 
12. Hence the Fluxion of the Product of three va- 


riable Quantities (yzu) may be derived: F. or, if x be 


put = 2x ; then zu will becomg— yx, and its Fluxion 
=yxt& xy (as above ;) But x being == xu, and, there- 
fore, x = 21 Tux, if theſe Value Values be ſubſtituted in Ix 


＋ . it will become y X zu LAZ Lz Y- vx -- 


zuy the Fluxion of yzu required. In like Manner the 


Fluxion of ayzu. will appear to be xyzu+ xyz 
xyZ1 Tx, and that of xyzuw = xyzuw + xyzuw+ 
xyzuw T ry + ayzuw. 
. CoROLLARY 2 
13. Hence, alſo, the Fluxion of a F ration — — may 
be determined. For, putting 1. 8 „we have 1 


and therefore xz +zx = = u (as 1 ; whence, by 


Tranſpoſition and Diviſion, « ==—Z=E (oy 


; which is the true Fluxi- 


3 LUN 
writing 2 for x) = 7 


10 | 
eon of x, or its Equal 22 the Fraction propoſed. 


14. Now, from the ſoregoing Propoſitions, and their 


-ſubſ.q ent 2 the following practical Rules, 


for 


5 L 


-_ 


„% FLUXIONS. 9 
for determining, the Fluxions of algebraic Quantities, 
are obtained. 


RULE” 1 
(Tod find the Fluxion of any given Power of a vari- 


antit 
| wy ply the Fluxion of the Root by the Exponent of the 
Power, AS the Product by that Power of the Te Root 
whoſe Exponent is leſs by Unity than the given Exponent. 


This Rule is inveſtigated in Prop. 1, and is nothing 
more than nx x (the Fluxion of * ) expreſſed in 
Words, 5 oy | 2 5 

Hence the Fluxion of x* is 3æõ &; that of x5 is 5x%z; 


3 | 
and that of 2D is 75 *I, ( becauſe, à being 


conſtant, y is the true Na of the Root a+y, in this 
: Caſe). 


e the Fluxion of a ＋2 DL will be 3x 222 
X a” Fa" „ or , Ta. * For here, ej 


=a +25. we have * Saus, and therefore Z x, the 


Fluxion of ** (or a +22) wi s — —.— 3225 EXE, as 
above). 


RU'E E * 
15. To find the Fluxion of the Product of ſeveral 
variable Quantities multiplied together. 
Multiply the Fluxion of each, by the Produ#t of the reſt 
of the Quantities, and the Supe of the n thus ari- 
ſing will be the Fluxi on ſought * 


Thus the Fluxion of xy, is xy 1 2 111 ; that of xyz, is 
xy2+xzy Pax; ; and that of xyzu, is xyzu+xyuz+xznuy 
＋ ux. 


Art. 12. 


RULE 


10 


Art. 13. 
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Ev LS I 
16. To find the Fluxion of a FraQion. 
From the Fluxion of the Numergtor drawn into the De- 
noaminator, ſubſtract the Fluxion of the Denominator 
drawn into the Numerator, and divide the Remainder by 
the Square of the Denominator *, 
: 88 x 
Thus, the Fluxion a — that of 5 is 


YYY — 5 . and that of od + 5+ 3 


r N +3 
or 34, penny 7 Ms Þ a and ſo of others. 
*+y 1 ＋ * 

17. In the Examples hitherto given, each is reſolved 
by its own particular Rule; but in thoſe that follow, the 
Uſe of two, and ſometimes of all the three, Rules is 
requiſite. 


Thus ( by Rule 1. and 2.) the Fluxion of x*y* is 


1 29 xx—2x* 95 


2 J T2 «x ; that of —— is * (by Rule 


2,2 2 * 2X1 
1. and 3.) and that of Z 2 4 — 2. 
where all the three Rules are neceſſary. 

When the propoſed Quantity is affected by a Co- effi- 
cient, or conſtant Multiplicator, the Fluxion found as 
above, muſt be multiplied by that Co- efficient or Mul- 
tiplicator. 

Thus, the Fluxion of 5x3 is 1 5 . For, the Flu- 


xion of x3 being 3x*x, that of 5%, which is 5 times 


as great, muſt conſequently be 5x3x*x, or 15x*x, + 
And, in the very ſame Manner the Fluxion of ax will 
appear to be nax x. Moreover, the Fluxion of 
5 JL 
N, or K + „will be expreſſed by 


4 x 


of FLUXIONS. 


. 
: 1 e 7 __ XxX "Oe" IY 
* =} X 23x Þ a „ r = 


N * 
ü that « Vit, or N „ by c — * 
ö 
— iy TyA＋ 25 
wy Rule 1.) OF —  —— 
* r n 
| aol 
and that f — WT 
| 5 * 2 x* — by 
e ar 2 c 2 : : 2 -$ 3 
SE., which 


42 on 
| — e l 
by Reduction, is XX —-4. — XxX —3 Xr 
— 


— — — Y—j——— 


Lx 8 eK Ta- K 


* NN —a* 
on xÞa aXxx—24% ; 
— x* —  * 


Having explained the Manner of conſidering and de- 
termining the firſt Fluxions of variable or flowing Quan- 
tities, it will be proper to ſay ſomething, now, con- 
cerning the higher Orders, as Second, Third, Fourth, 
Oc. Fluxions. 

18. The Second Fluxion of a Quantity is the Fluxion 
of the variable or algebraic Quantity expreſſing the Firſt 
Fluxion already defined *, By the Third Flurion 15+ Art. 2. 
meant the Fluxion ef the variable Quantity e 1. 5 
Second : And by the Faurib, the Fluxion © 7 th 
Quantity expre ing the Third Fluxion : nd ſo on. 

Thus, for Example, let the Line AB repreſent a va- 
riable Quantity, generated by the Motion of the Point 
B, and let the (firſt) Fluxion thereof (or the Space 
that might be uniformly deſcribed in a given Time, with 
the Celerity of B) be always expteſſed by the Diſtance 

of 


12 


Art. 2. 


The Nature and Inveſtigation 


of the Point D from a given, or fixed Point C: Then, 
| if the Celerity of B 


. B be not every where 
A end the ſame; the Diſ- 
* tance CD, expref- 
VV ſing the Meaſure of 
F that Celerity, muſt 

E „. alſo vary, by the 
- | Motion of D, from, 
G „ or towards C, ac- 


| cording as the Cele- 
rity of B is an increaſing or a decreafing one : And the 
Fluxion of the Line CD, ſo varying (or the Space 
(EF) that might be uniformly deſcribed in the aforeſaid 
iven Time, with the Celerity of D) is the ſecond 
luxion of AB. Again, if the Motion of B be ſuch 
that neither it, nor that of D, (which depends upon it) 
be equable, then EF, exprefling the Celerity of D, will 
alſo have its Fluxion GH ; which is the third Fluxion 
of AB, and the fecond Fluxion of CD. | | 

And thus are the Fluxions of every other Order to be 
conſidered, being the * e of the Velocities by which 
their reſpeciive flowing Quantities, the Fluxions of the 
precedirg Order, are generated“. 

19. Hence it appeare, that a ſecond Fluxion always 
ſnews the Rate of the Increaſe, or Decreaſe, of the firſt 
Fluxion; and that Third, Fourth, Sc. Fluxions, dif- 
fer in Nothing (except their Order and Notation) from 
Firſt Fluxions, being actually ſuch to the Quantities 


from whence they are immediately derived; and there- 


fore are alſo determinable, in the very ſame Manner, by 
the general Rules already delivered. 

Thus, by Rule 3. the (firſt) Fluxion of x is 3X : 
And, if x be ſuppoſed conſtant, that is, if the Root x 
be generated with an equable Celerity, the Fluxion of 


Z (or 3) again taken, by the ſame Rule, will 


be 3xx2xx, or Gx; which therefore is the ſecond 
Fluxion of x3; Whoſe Fluxion, found in like Sort, 
will be 6x*, the third Fluxion of x*, Further than 

| | which 


ef FLUXIONS. 


which we cannot go in this Caſe, becauſe the laſt 
Fluxion 6 is here a conſtant Quantity. | 

20. In the preceding Example the Root x is ſuppoſed 
to be generated with an equable Celerity : But, if the 


Celerity be an increaſing or a decreaſing one, then & 


expreſſing the Meaſure thereof, being variable, will alſo 
have its Fluxion; which is uſually denoted by *: 
Whoſe Fluxion, according to the ſame Method of No- 
tation, is again deſigned by &; and fo on, with reſpect 
to the higher Orders. 
21. Here follow a few Examples, wherein the Root 
x, (or y) is ſuppoſed to be generated with a variable 
Celerity. „ 
„Thus, the firſt Fluxion of +? is 3x*# (or 3x*x3). 
And, if the Fluxion of 3x*xx (conſidered as a Rect- 
angle) be, again, found (by Rule 2.) we ſhall have 
6xxx3Þ+3x*x3 = 6xx*+3x*z, for the ſecond Fluxion 
. | 785 | 
Moreover, from the Fluxion laſt found we ſhall in 
like manner get 6xX#* ANI +bxxX# + 3x*X # 
(or 6x3 +18xx# + 3x*X) for the third Fluxion of +3. 


Thus alſo, if znr , then will ) , H-IX 
„ * Lr z and if 2 , then will 252 
xy +j#: And fo of others. But, in the Solution of 
Problems, it will be convenient to make the firſt 
Fluxion of ſome one of the {imple Quantities (x or 5) 
invariable, not only to avoid Trouble, but that it may 
| ſerve as a Standard to which the variable Fluxions of the 
other Quantities, depending thereon, may be always 
referred. The Reader is alſo deſired here (once for all) 
to take particular Notice, that the Fluxions of all Kinds 
and Orders, whatever, are contemporaneous, or ſuch as 


may be generated together, with their reſpective Celeri- 


ties, in one and the ſame Time. 
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Selution of Preblems 


SECTION II. 


Of the Application of Fluxions to the Solu- 
tion of Problems DR MaxiMis ET Mi- 
NIMI1S, | 


22. IF a Quantity, conceived to be generated by Mo- 

| tion, increaſes, or decreaſes, till it arrives at a 
certain Magnitude or Poſition, and then, on the con- 
trary, grows leſſer or greater, and it be required to de- 
termine the ſaid Magnitude or Poſition, the Queſtion is 
called a Problem de Maximis & Minimis. 


GENERAL ILLUSTRATION. 


Let a Point m move uniformly in a Right Line, from 
A towards B, and let another Point n move after it, 
with a Velocity either increaſing, or decreaſing, but fo 
that it may, at a certain Poſition, D, become equal to 
that of the former Point m, moving uniformly. 

This being premiſed, let the Motion of u be firſt 

conſidered as an in- 
e creaſing one; in 

3 . 2 B which Caſe the Di- 
7 mv ſtance of » behind 

| m will continually 


Increaſe, till the two Points arrive at the cotemporary 


Poſitions C and D; but afterwards it will, again, de- 
creaſe; for the Motion of u, till then, being ſlower than 
at D, it is alſo ſlower than that of the preceding Point 


m (by Hypotheſis) but becoming quicker, afterwards, 


than that of m, the Diſtance mn (as has been already 
faid) will again decreaſe: And therefore is a Maximum, 
or the greateſt of all, when the Celerities of the two 

Points are equal to each other. 

But, if = arrives at D with a decreaſing Celerity 
then its Motion being firſt ſwifter, and afterwards ſlower, 
than that of m, the Diſtance un will firit decre.fe and 
then 


de Maximis et Minimis. 


then increaſe; and therefore is a Minimum, or the leaſt 
of all, in the forementioned Circumſtance. 

Since then the Diſtance n is a Maximum or - a Mi- 
nimum, when the Velocities of m and n are equal, or 
when that Diſtance increaſes as faſt through the Mo- 
tion of m, as it decreaſes by that of u, its Fluxion at 


15 


that Inſtant is evidently equal to Nothing . Art. 2 
Therefore, as the Motion of the Points m and u may and 5. 


be conceived ſuch that their Diſtance mn may expreſs 
the Meaſure of any variable Quantity whatever, it fol- 
lows, that the Fluxion of any variable Quantity what- 


ever, when a Maximum or Minimum, is equal to No- 
thing. 


EXAMPLE I. | 

23. To divide a given Right-line AB into two ſuch 
Parts, AC, BC, that their Product, or Rectangle, 
may be the greateſt poſſible, | | 


_ the 5 o 

ven Line F f 
= à, and let Al Lage . 
the Part Ac, ts 

conſidered as variable (by the Motion of C from A to- 
wards B) be denoted by x : Then BC being = a—zx, 
we have ACXBC=aax—a® : Whoſe Fluxion ax—2xz 
being put = o, according to the preſcript, we get az 
=2xx, and conſequently x = 5a, Therefore AC and 
BC, in the required Circumſtance, are equal ro each 
other : Which we alſo know from other Principles. 


EXAMPLE IL 


24. Te find the Fraftion which ſhall exceed its Cube by 
the greateſt Duantity poſſible. 


Let x denote a variable Quantity, expreſſing Number 
in general; then the Exceſs of x above x* being uni- 
verſally repreſented by x-, if the Fluxion thereof be 
taken, &c. we ſhall have +—3x*x=0 ; and therefore 
Vr, the Fraction required. 

| E X- 
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Solution of Problems 


EXAMPLE III. 


25 · To determine the greateſt Rectangle that can le in- 
ſcribed in a given Triangle. 


Put the Baſe 


D AC of the gi- 
ven Triangle 

b, and its Alti- 

tude BD=a; 

8 C and let the Al- 


5 titude (BS) of 
the inſcribed 
| C ReQangle mc 


AL (conſidered as 


Mk: Bi --# variable) be de- 


noted by x: 
Then, becauſe of the i Lines AC, and ac, it 


ba—bx 
will be as BD (a): AC (ö) :: DS (a-): 
Sac: Whence the Area of the Rectangle, or * 85 


will be — Whoſe Fluxion ä being 
3 | yo | 
(as before) put So, we ſhall get x=ja. Whence the 
greateſt inſcribed Rectangle is that whoſe Altitude is juſt 
half the Altitude of the Triangle. 

26. It will be proper to obſerve here, that the Valus 
of a Quantity, when a Maximum or Minimum, may 
oftentimes be determined with more Facility by taking 
the Fluxion of ſome given Part, Multiple, or Power, 
thereof, than from the Fluxion of the Quantity itſelf. 
Thus, in the preceding Example, where the general 
— bx? 


=> X ax—x*, if the conſtant 
a 


Expreſſion is _ 


Multiplicator — — be rejected, we ſhall have a 3 


whoſe Fluxicn hes being put =0, we get x=1a, 
the very ſame as lefon e. 
| The. 


de Maximis & Minimis. 17 

The Reaſon of which is obvious ; becauſe when the 
Quantity itſelf (be it of what Kind it will) is the greateft, 
or leaſt poſſible, any given Part, Power, or Multiple of 
it is alſo the greateſt or leaſt poſſible. | 

EXAMPLE IV. 
27. Of all right angled plain Triangles having the ſame 
7708 Hypothenuſe, to find that (ABC) whoſe Area is 

the greateſt. ; 

Let AC=a, AB==x, C 
and BC =/ Then, 
x*+y* being a, we 
ſhall have y=V , 
and conſequently = = 


x 
— VW a*—x* = the 


2 
Area of the Triangle ; A B 
whoſe Square — — being, alſo, a Maximum * * Art. 26, 


the Fluxion thereof — — * muſt therefore 
| 2 


be = 6, + Whence x is found = 2 r, and f Art, 224 
(= ) — ay 3, g 


The ſame otherwiſe. 


Since {xy is a Maximum, and x*+y*=4*, let the 
Fluxions of both be taken, and you will have 19 
=0, and 2xx+2y=0; from the former of which i 
will be=—Z ; and from the latter, it will be = . 

e v. 
Therefore E and are equal to each other, and con- 
* i 


5 
ſequently x=, (the ſame as before.) 


e E X- 


Solution of Problems 


EXAMPLE V. 


28. Of all right angled plane Triangles containing the 
ſame given Area, to find that whereof the Sum of the 


two Legs AB BC is the leaſt poſſible, (See the pre- 
ceding Figure.) 


Let one Leg, AB, be denoted by x, and the Area 
of the Triangle by 4; then the other Leg will be de- 


noted by 22, and the Sum of the two Legs will be x 
* 


27; whereof the Fluxion is — eg; which, put =0, 
* 


— 2a 
gives x (AB) = / 2a : Whence BC (=) is alſo = 


42a. Therefore the two Legs are equal to each 
other. | 


EXAMPLE VI. 


29. To determine the — 4 the laft Thoſceles Toi. 
angle ACD that can circumſcribe a given Circle, 


Let the Diſtance 

(OD) of the Vertex 

of the Triangle from 

the Center of the Cir- 

clo, be denoted by x, 

and let the remaining 

Part of the Perpendi- 
cular, which is the 

C Radius of the Circle, 
de repreſented by a - 
Then, if OS, perpen- 
dicular to DC, be drawn, we ſhall have DS x*—az; 
and therefore, ſince DS: OS :: DB: BC, we likewiſe 


| K* _ 1 
have 1 3 which multiplied by x (BD) 


gives 


de Maximis & Minimis. 
a“ 


gives === for the Area of the Triangle : Which | 


being a Minimum, its Square muſt be a Minimum, and 
conſequently . — „or its Equal 7 — „ a Mini- 
mum alſo “. _ Whoſe Fluxion, therefore; which is 
N 


283 
2 | 


n — 
the Whale divided by , we alſo get 3Xx—a 
—x+a=0; whence x=24: Therefore, OD being 
2208, and the Triangles ODS and BDC equiangular, 
it is evident that DC is likewiſe =2BC=AC; and fo 


the Triangle ACD, when the leaſt poſſible, is equila- 


teral. 


EXAMPLE VI. 
30. To determine the greuteſt Cylinder, dg, that can be 
infcribed 1n a given Cone ADB. 


Let a=BC, the Altitude of the Cone; 
b=AD, the Diameter of its Baſez 
x=fg (db) the Diameter of the Cylinder, con · 
ſidered as variable ; 
„14159, &c. ; 1 
200 en — the Area of the Circle 
whoſe Diameter is Unity. 


a Then, the Areas of Circles being to one another as 
the Squares of their Diameters, we have, 1* : K:: 
p: (px*) the Area of the Circle fsgr : Moreover, from 
the Similarity of the Triangles ABC and Adf, we have 
4 (AC): a (BC) :: 1-1 (Ad): of == * 
which multiplied by the Area px* (found above) gives 

C2 pabx® 


* Art. 26, 


Solution of Problems 


pabx*—pax 
2 

for the ſolid 
Content of 
the Cylin- 
der: Which 
being a 
Maximum 5 
its Fluxion 


2pabxx 
7 — 


| | 238 
o Art. 22, be = Oo, conſequently x = and = From 


whence it appears, that the inſcribed Cylinder will be 
the greateſt poſſible, when the Altitude thereof is juſt 
2 of the Altitude of the whole Cone. 


EX AMY LE VIII. 


31. To determine the Dimenſions of a cylindric Meaſure 
ABCD, open at the Top, which ſhall contain a given 
Quantity (of Liquor, Grain, &c.) under the leaſt in- 
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Let the Diameter 
AB=x, and the Alti- 
tude AD=y ; moreover 
let p ( 3,14159, Cc.) 
denote the Periphery of 
the Circle whoſe Dia- 
meter is Unity, and let 
c be the given Content 
of the Cylinder. Then 
it will be 1: p:: &: (px) 
the Circumference of the 
Baſe; which, multiplied 


de Maximis & Minimis. 


by the Altitude y, gives pæy for the concave Superficies 
of the Cylinder. like Manner, the Ares of the Baſe, 
by multiplying the ſame Expreſſion | into + of the Dia- 


meter x, will be found = _ which drawn into the 


Altitude 5, gives 2 for the ſolid Content of the Cy- 
linder; which being made c, the concave Surface 


pry will be found = =, and conſequently the whole 


Surface = EE : Whereof the Fluxion, which is, 


— . yy _ put o, we - ſhall get —8c+px3 


=0z3 and therefore #=2 72 : Further, becauſe px3 


=8c, and pray Ac, it follows, that xX=2y 3 whence y 
is alſo known, and from which it appears, that the Dia- 
meter of the Baſe muſt be juſt the Double of the Alti- 
tude. 


EXAMPLE IX. 


32. Of all Cones under the ſame given Super ficies ( s) 10 
find that (ABD) whoſe Selidity i is the greateſt. 


Let the Semi- 
diameter of the 
Baſe, AC=zx,and 
the Length of the 
ſlant Side AB=y; 
and let p (as in 
the preceding Ex- 
amples) denote the 
Periphery of the 
Circle whoſe Dia- 
meter is Unity. 


AZ Salatibi of Problems 


Then the Circumference of the Baſe will be =2px, 
the Area of the Baſe =px*, and the convex Superficies 
of the Cone = pxy, (which, laſt is found by multiplying 
half the Periphery of the Baſe by the Length of the 
ſlant Side): Wherefore, ſinoe the whole Superficies is 


pr p, we have N —x; whence the Alti- 


8 n 27 
titude CB (4/ AB* AC“) = R z which 


| multiplicd by (=) + of the Area of the Baſe, gives 


pe 5 . for the ſolid Content of the Cone, 
AS OE: 


N 2p 
Which b being a Maximum, its Square N 


25, * 
alſo bs a 8 and therefore 5 7 To; 


muſt 


| 2 
whence —4þx*=o, and conſequently x= FS 7 From 


5 -e 8 
which y (== = * 2 — === x) will like- 
wiſe be 3 and from . it will appear that 
the greateſt Cone under a given Surface, (or a given 
Cone vader the leaſt Surface) will be when the Length 
of the ſlant Side is to the Semi- diameter of the Baſe in 
the Ratio of 3 to,1, or, (which comes to the ſame) 
when the Square of the Altitude is to the Square of the 
whole Diameter in the Ratio of 2 to 1. 


E N. 


de Maximis & Minimis, 
EXAMPLE x. 


33. To determine the Poſition of a Right-line DE, which, 

* paſſmg through a given Point P, ſhall cut two Right- 

lines AR and AS, given by Poſition, in ſuch fort that 

| the Sum of the Segments, AD and AE, made thereby, 
may be the leaſt poſſible. 


. D 2 
. 
„ WS . 


Make PB, parallel to AS, Sa, and PC, parallel to 
AR, =b; and let BD>=x: Then, by reaſon of the 


b 
parallel Lines, it will be, x: @:5: CE ==: 


Therefore AD+AE=b+x+0+= , and its Fluxion, 


abx 


, which, in the required Circumſtance, being 


So, we have x*—ab alſo =o, and conſequently x= 
+ ab; whence the Poſition of DE is known. But the 
ſame Thing may be otherwiſe determined, independent 
of Fluxions, from the general Solution of the Problem 
for finding the Poſition of DE, when the Sum of the 
Segments AD and AE (inſtead of being a Minimum) 
ſhall be equal to a given Quantity. Of which Problem, 
the geometrical Conſtruction may be as follows. 


C4 Compleat 


Solution of Problems 


Compleat the Parallelogram ABPC (as before) and, 
in RA produced, take Ac=AC, and let F be equal 
to the given Sum of the two Segments: Alſo let two 
Semi-circles be deſcribed upon Bc and BF, and let AH, 


perpendicular to Be, interſe& the former in H; like- 
- wiſe let HK, parallel to Fc, interſect the latter in I; 


draw ID perpendicular to Fc, and, through P and D 
draw DE ; which will be the Poſition required. For 
ABXAc being =AH*=DI*=BDX DF, we have BD 
AB:: Ac (AC): DF; alſo, 'becauſe of the parallel 
Lines, we have BD: AB:: AC: CE; whence DF= 
CE, and conſequently AD+AE (AD+AC+FD) is 
equal to cF, which Conſtruction is more neat than that 
in p. 155. of my Geometry, But to ſhew how far this 
may conduce to the Matter firſt propoſed ; we are to 
obſerve, that, as the Problem here conſtructed ap 
to be impoſſible, when the Right line HK (inſtead of 
cutting os touching) falls wholly below the Circle BWF, 
the leaſt poſſible Value of BF (and conſequently of AD 
+AE) muſt, therefore, be when that Right-line touches 
the Circle; that is, when BD=DI=AH=vV ABxAC; 
which Value is the very ſame with that found above. 
The ſame Concluſion may alſo be deduced from the 
algebraic Solution of the foreſaid Problem; For, put- 


þ 
ting L (AD+AE ) = 5, and ſolving the 


|  $=a=b a- 
Equation, & will be found =—=——= 5. 
a- 


Which Equation becoming impoſſible woe 
—ab is So, we have x, in that Circumſtance, = 
Nr | 

= 


Y ab; flill as before. In like Manner the 


Maxima and Minima may be determined in other Caſes, 
by finding the Poſition or Circumſtance wherein the 


eneral Problem begins to be impoflible, (ſuppoſing the 
Quantity ſought to be given). But the Operation by 
NR Fluxions 


— 


de Maximis & Minimis, 25 
Fluxions is, for the general Part, much more ſhort and 
expeditious, 


EXAMPLE XL. 


34+ The ſame being given as in the preceding Example, to 
determine the Poſition, when the Line DE, itſelf, it 
the leaſt poſſible, 


Upon AF let fall the perpendicular PQ; make B 
==c, and, the reſt, as before: Then DP“ being (= 
DB*+BP*—2BQ X DB) = x*+a*—2cx, and DB-; 
DP? :: DA“: DE-, we have x*: x*+a*—2cx :: b+)* 
, DE» RE. . FFP YX os 2 K 


** x 


as 
Whoſe Fluxion, which is 2x X b+xX a =" * 


22 * 2 being put = o, and the whole 


Equation divided by 27 x, there will come out 1— 


2 


1 8 
3 * ＋ b+x X 2 o; whence x3i—2cx*+a*x 


+b+xXcx—4* = 0; that is, (by Reduction) x3—cx* 
b+bex—a*b=9 : From the Reſolution of which Equa- 
tion, the Poſition of DE is determined, 


LE MM A. 


3 5 If a Body or Point 2 be ſuppoſed to move in a 
Right-line AB, its abſolute Celerity, in the Direction of 

that Line, will be to the relative Celerity, whereby it tends 

to, or from, a given Point C, any where out of the Line, 

as the Diſtance Cn, is te the Diſtance Dn, intercepted by 

n and the Perpendicular CD; or, as Radius ta the Co- 

fine of the Angle of Inclination DnC. | 

For, putting CD=a, Du = x. and Cn y, 
we have a*+x* = y*, and conſequently 2xx = 25 :* Art. 2 
DE Ox et Whence d 5: 
4 


® Art. 2 
and 5, 


Solutzon of Problems 


5: y (Cn) ? * 

Dy) :: Radius: 

: Co-ſineD=C: But, 

B the Fluxions of 
a Quantities are as 
the Celerities of 

their Increaſe *, 

therefore the 

Truth of the Pro- 

poſition is mani 


Cs 
CoRoLLARY. 


It follows from hence, that the relative Celerities in 
any two different Directions AE and C, are directly as 
the Co- ſines of the correſponding Angles 'DnE and 
DC. Therefore, when E is perpendicular to Cn, 
(and the Angle Dx E therefore equal to C) the Celerity 
in the Direction E, will be to that in the Direction 
nC, as the Sine of DC is to its Co ſine. From whenee 
it appears, that the Celerities in the Directions Dn, Cn, 
and En (perpendicular to C) are to each other as Cn, 
Du, and CD reſpectively. | 


"EXAMPLE XI. 


36. To determine the Poſition of a Point, from whence, 
if three Right-lines be drawn to ſo many given Points 
A, B, C, their Sum ſhall be the leaſt poſſible. 


Let HPG be the Periphery of a Circle deſcribed 
about the Point A, as a Center, at any Diſtance AG ; 
in which let the Point P be conceived to move with an 
uniform Celerity, from G towards H. Then, becauſe 
the relative Celcrity thereof, in the Direction PC, is to 
that in the Direction BP produced, as the Co- ſine of 
the Angle CPH to the Co- ſine of the Angle BPG, (by 


the preceding Lemma) ; and, ſince theſe Celerities, when 


the 


de-Maximis & Minimis. 27 
the Sum of CP and Bp is a Minimum, muſt be equal o, * Art, 2 


it follows, therefore, and 22, 
that the ſaid Angle; 
CPH and BPG, as 
well as their Co-ſines, 
will i in that Circum- 
ſtance become equal 
to each other; and 
conſequently. APC 
alſo equal to APB, 
From whence it 15 
„that (take A 
_ you will ) the 
Sum of the three 
Lines, AP, BÞ, and 
CP, cannot be the 
leaſt poſſible when the 
Angles APB and 
APC are unequal. | | Q 
And, by the ſame 
Argument, it- alſo, appears that their Sum cannot 
be the leaſt poſſible, when the Angles BPA and 
BPC are unequal : Therefore, their Sum muſt be 
the leaſt poſſible, when all the three Angles about the 
Point P are equal to one another; provided the Caſe. 
will admit of ſuch an Equality, or that no one of the 
Angles of the Triangle ABC is equal to, or greater than 
+ of 4 Right Angles (for otherwiſe, the Point P will 
fall in the obtuſe Angle): Hence this 


ConsTRUCTION» 


Deſcribe, upon BC, a Segment of a Circle, to con- 
tain an Angle of 120%, and let the whole Circle BC 
be compleated ; and from A, to the Middle (Q) of the 
Arch BQ, draw AQ interſecting the Circumference 
of the Circle in P; which will be the Point required. 
For, the Angles BPQ and CPQ, ſtanding upon the 
equal — BQ and CQ, have their Complements 
APB and APC equal to each other; and therefore, the 
Angle BPC ig 120 (by Conſtruction) each of the 


aid 


28 
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grees. 2 
Alfter the ſame 

Manner, it will 
appear that the 
Sum of all the 
Lines AP, BP, 
CP, Sc. drawn 
from any Num- 
ber of given 
Points A, B. C, 
Oc. to meet in 
another Point P, 
C D will be the leaft 
poſſible, whenthe 


Co-fines of the Angles RPA, RPB, RPC. Sc. that 


the ſaid Lines make with any other Line RS, paſſing 


through the Point of Concourſe, deſſroy each other: 
Which will be when all the Angles APB, BPC, CPD, 
Sc. are equal, in all Caſes where the Poſition of the 

iven Points will admit of ſuch an Equality. But, if the 
Number of given Points be four, the required Point will 
be in the Interſection of the two Right-lines joining the 
oppoſite Points : For, ſuppoſing APC and BPD to be 
continued Right-lines, the Co-fine of RPA will be equal 
and contrary to that of RPC, and that of RPB equal 
and contrary to that of RPD. 7 5 


EXAMPLE XIII. 


37. If two Bodies move at the ſame Time, from two given 
Places A and B, and proceed uniformly fram thence in 

given Directions, AP and BQ, with Celerities in a 

given Ratio; it is propoſed to find their Poſition, and 
how far each has gone, when they are the neareſt poſ- 
fible to each other. f 


Let M and N be any two cotemporary Poſitions of 
the Bodies, and upon AP let fall the Perpendiculars 
NE and BD; alſo let QB be produced to mget AP 


f 


de Maximis & Minimis. 
Og © 


AM. +0 C 


in C, and let MN be drawn: Moreover, let the given 


Celerity in BQ be to that in AP, as » to m, and let 
AC, BC, and CD, (which are alſo given) be denoted 
by a, b, and c reſpectively, and make the variable Diſ- 
tance CN=x : Then, by reaſon of the parallel Lines 
NE and BD, we ſhall have 6 (CB): & (CN) :: c (CD) 


CE =. Allo, becauſe the Diſtances, BN and 


AM, gone over in the ſame Time, are as the Cele- 
rities, we likewiſe have, : :: x —b (BN): AM 


| mx — mb 5 
= „and conſequently CM (AC—AM)=a+ 
mb mx ms mb\ 
= E=d—, (by writing 4e C.). Whence 


MN: (=CM:+CN*—CMX2CE) will alſo be found 
W— a GA 


* 2Cx zam m*x* 


53 


. 
2cdx  2cmx* 24m: x4 
1 whoſe Fluxion——— . 
42 ; | 

2. ＋.— 15 - being made Sg (becauſe MN is 


to be a Minimum) we get dum - b. ,- bi 


| mnbd ＋ med 
Tazmncæ =; and conſequently x=— on Than 
 ndXmb++-nc 


— ; from whence BN, AM, and MN 


xm TA; Lam 
are alſo given. 


The 


2 
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| The ſame otherwiſe. + 1 
Becauſe the relative Celerities of the two Bodies, at 
M and N, in the Direction of the Line MN (pro- 


5 Co-fine M Co-ſN 
duced) are truly expreſſed by Radi n, and Ne 
* Art. 35. Xu, reſpectively * ; and as theſe Celerities, when the 
Diftance MN is a Minimum, do become equal to each 
.. other , it follows that, in this Circumſtance, m : n:: 
| F Annan 
ne Trig. 
Wien 88 Conſtruction. Take CH to CB in the 
given Ratio of m to n, and draw HB; upon which 


© SIS, >H_P 
FF» bs 


produced (if neceffary) let fall the Perpendicular AR ; 
draw RN parallel to AH, meeting CQ in N ; laftly, 
draw NM parallel to AR, and it will give the Poſition 
required, For, firſt, it is plain, becauſe AM (RN) : 
BN (:: CH: CB) :: : u, that M and N are cotem- 
porary Poſitions: It is likewiſe plain, that RN and BN 
will be Secants of the Angles KNR (CMN) and ENB 
(CNM) to the Radius NK; becauſe the Angle NK R 

ARK) is a Right one. Which Lines or Secants 
are in the propoſed Ratio of m to u, as has been already 
ſhewn. 4 


But 


114 þ >» 


> ©» of @_ 


TOAna 


189 


zut 


de Maximis & Minimis. 

But the ſame Solution may be, yet, otherwiſe de- 
rived, independent of Fluxions, from Principles intirely 
geometrical, For, let m and u be any two cotempora- 

Poſitions at Pleaſure, and let CH (as before) be to 
6 „ as the Celerity in AP to that in CQ; moreover, 
let nr, parallel to AP, be drawn, meeting HB pro- 
duced in r, and let A, 7 be joined. Then, ſince CB: 


CH:: Br : nr (by fim. Triangles) and CB : CH : : B 
: Am, (by Hyp.) it follows, that nr and Am, (which 


are parallel) will alſo be equal to each other ; and there- 
fare Ar and mn, likewiſe equal and parallel. But Ar is 
the leaſt poſſible when perpendicular to Hr. Whence 


the Solution is manifeſt. 


EXAMPLE XIV. 


38. Let the Body M move, uniformly, from A towards 
Q, with the Celerity m, and let another Body N pro- 
ceed from B, at the fame time, with the Celerity n. 
Now it is propoſed to find the Direction (BD) of the 
latter, ſo that the Diſtance MN of the two Bodies, 


when the latter arrives in the Way or Direction A 


of the former, may be the greateſt poſſible. 
B 


S 1 8 
D 
Let BC be perpendicular to AQ, and make AT = 


@, BC=6, and BN xX. Therefore, if the Pofition 
M be ſuppoſed cotemporary with N, we ſhall bave : 


MA: x; AM = z whence c., and con- 


ſequently 


as 


32 | Solution of Problenis 


ſequently MN (CN—CM) =vV/ r ane e 
whereof the Fluxion being taken, and made = o, w 


b . 
et —̃— >, therefore 2 — and CN 
8 MW x* — þ* n Vn. 


2 | 
CN) :: Radius: Co-ſine N. The ſame Concluſion is 
otherwiſe derived, thus, | | 
Let the Right-line BD be ſuppoſed to revolve about 
the Point B, as a Center, with a Motion ſo regulated, 
that the intercepted Part thereof BN may increaſe with 
the uniform Celerity a: Then, the Celerity with which 


1X Radius * 
CN is increaſed being e, Nö, this Exprefiion, 


| nb * 
(I=) — 4 Whence, m: n (:: BN: 


® Art. 35. 


when MN is a Maximum, muſt, conſequently, be equal 
'+Art. za. to (m) the Velocity of the other Body + M ; and there- 
fore m: n:: Radius: Co- ſine N, as before. 


EXAMPLE XV. 


39. Suppoſing a Ship to ſail from a given Place A, in a 
given Direction AQ, at the ſame time that a Boat, 
from another given Place B, ſets out in order (if poſ- 
ſible) to come up with her, and ſuppoſing the Rate at 
which each Veſſel runs to be given ; it is required to 
in what Direction the latter muſt proceed, ſo that, if 
it cannot come up with the former, it may, however, © 


approach it as near as poſſible, 


Let the Celerity of the Ship be to that of the Boat 
in the given Ratio of m to n; alſo let D and F be the 
Places of the two Veſſels when neareſt poſſible to each 
other, and, from the Center B, through F, ſuppoſe the 
Circumference of a Circle to be deſcribed. Then (the 
Diſtance DF being the leaſt poſſible), the Point F muſt 
be in the Right- line (DB) joining the Point D * the 

; enter 


1 8 >Q 


de Mazimis & Minimis. 
Center B; be- | 
cauſe no other E 

Point in the 

whole Periphe- 
TY, at Which 
the Boat from 
B might ar- 
rive in the ſame 
time, is ſo near 
el FR that | 
where r . ˙ͤ— hits” Wa 
Line DB inter- A „ 2 
ſects the ſaid | 

Periphery.—But now, to get an Expreſſion for DF, in 
algebraic Terms, let BC be perpendicular to AQ, and 


B 
1 
* 


make AC ga, BC =b, and CD ; and then BD 


( BC*+CD>) will be =W 6*+x* ; moreover, be- 
cauſe m: 1::AD(a+s): BE, you will have Bp 


3 
and conſequently, DF=V/ÞF+x* — I 
1 xXx - } 
Fluxion, 1 being ore = o, we find 


„„ 


3 Whoſe 


\ 


im hence th Direction BD is kn 
| . e ee the N 18 on: 


And, if the Value of x, thus found, be ſubſtituted in 
that of DF, ( found above) we ſhall have DF = 


— — z whence the Poſition of F is known. 


m 

And from which it is obſervable, that, as DF muſt be a 
real, poſitive Quantity (by the Queſtion) this Method 
of Solution can only obtain when m is greater than. z, 
and Vn, alſo greater than na: For in all other 
Caſes the Boat will be able to come up with the Ship. 


| | The ſame otherwiſe, —— 
Let the Radius of the Circle EFH be conceived to 
increaſe uniformly, with the Celerity #, whilſt the Point 
| | D moves 
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D moves uniform along AQ, with the Celerity m. 

Then, the Celerity at D, in the Direction of BD pro- 
XC D 

duced, being = == E , the relative Celerity with 


which the Point D recedes from the Periphery of the 


ſaid variable Circle, will be univerſally expreſſed by 
m Co- ſine D 


Nan -n; which being = o, when DF is a 


Minimum, we have in this Caſe mXCo-fine D=nX Ra- 
dius, and conſequently m: n :: Radius: Co-fine D. 


Therefore, if, at C, a right-angled Triangle Chd be 
conſtituted, whoſe Baſe Cd=n, and its ypothenuſe 


db==m, and parallel to the latter you draw BD, it will 
be the Direction required: In which, if there de taken 


BF, a Fourth- proportional to m, n, and AD, you will 
alſo have the Poſition required. 


EXAMPLE XVI. 


40. To determine the greateſt Parabola that can be formed 
by cutting a given Cone ACD. 


D 


Let nv, parallel to CA, be the Axis of the Parabola 
rom, and rm the Baſe (or Ordinate) thereof; paging 


"> 


had - 


1 


bola 


10 


de Maximis & Minimis. 33 
DC=2a, CA=3; and Dur; then, becaufe of the 
parallel Lines, it will be, 211: Fre; More- 
over, by the Property of the Circle, we have r#* 
(Sm = DaXCn) S - and conſequeatly m 


2 ax—x* ; which multiplied by 35 (becauſe eve- 


ry Parabola is 3 of a Parallelogram of the ſame Baſe and 
Altitude) gives . for the Content of the 
Parabola: Whofe Fluxion, or that of ax*—x* * being « Att. 56; 
put equal to Nothing; we find — Wente nu= 
1 XAC, rm=CDXy/F, and the Area of the greateſt, 
or required, Parabola =ACX CDX — 

E XAML F XVI. 
41. To determine the greateſt Ellipſis BTES that can be 

formed by cutting 4 given Cone ABD. 


Let BE be the A 
greater, and TS the N 

leſſer, Axis of the El- 
lipſis BTES, conſider- 
ed as variable by the 
Motion of (the End 
of the Tranſverſe) E; 
along the Line AD; 
moreover let Ev be 
parallel to AC the Axis 
of the Cone, meeting 
the Diameter BD in v, 
and let the Diameters 
EF and np be parallel 
to BD; whereof the 
latter up is ſuppoſed to 


Solution / Problem: 


paſs through O the Center of the Ellipſis: Then, put- 


ting AC ga, CD b, and Cv=x, we ſhall have Bu= 


* Art, 22, 


; nt 


b+x ; alfo, becauſe of the parallel Lines we have CD 


(4): CA (a) :: Dv (b—s) : 2 ke, whence 


BE (VIBFFES) = = v — 


| Furthermore, ſince the Trian bes EO», EBD, and 
. BOp, BEF are equiangular, — EO (=BO) ABE, 


we likewiſe have On = BD, and IE Cv 
Dr; and conſequently OzXOp (=OT*, by the Pro- 


| perty of the Circle) =bx z wherce ce ST = = . and 


9 TEK BEXST=L 1 oa == 2 — X 4bx, 


Now the Area of any Ellipſis 1 in a conſtant 
Ratio to the Rectangle of its greater and leſſer Axes 
(namely as 3, 14159, Cc. to 4) the laſt general Ex- 
preſſion muſt therefore be a Maximum, when the 


Area is ſo; and therefore its Fluxion, or that of b 


AY OED ( = Nx T 26b3x* ＋ b*x3 T 
— 24*bx* + a*x3) equal to Nothing *; that is, 5/8 
+ 4b3xx + 36*x*x + a*bÞ*x— 40*bxx * 3 o: 
4bx „ 
aN 3? and = * 
25K — 1 which the 
Ellipſis is W 
But it is obſervable, that, when a*—14a%Þ2+b+ js 
negative, this Solution fails, becauſe the Square Root of 


a negative Quantity is to be extracted. Therefore, to 
determine the Limit, put a+—144%Þ* +14 o; then, 


by order ordering the Equation, ation, you will get a* = ** 3 


TV/, and «=bX2+4/3 ; and therefore a : b : 
+473 : 1. Hence, 1 the Ratio of AC to CD be = 


Whence A 


greater 


tion x 


de Maxitais & Minintis. 
than that of 2+/3 to 1, or (which comes to 


Degrees, the Fluxion of the Ellipſis can never become 
equal to Nothing ; but the Ellipſis itſelf will increaſe 


continually, from the Vertex till it coincides with the 


Baſe of the Cone; and therefore is greater at the Baſe 
than in any other Poſition. 

But it is further to be obſerved, that this Problem is 
confined to, yet, narrower Limits. F or, either the 
Ellipſis will increaſe, continually, from the Vertex, to 
the Baſe, of the Cone, (which is ſhewn to be the Caſe 
when the Angle DAC is greater than 15% or elſe it 
will increaſe till the Point E arrives at a certain Poſitiog 
H, and afterwards decreaſe to another certain Poſition h, 
and then increaſe again till it coincides with the Baſe of 
the Cone, (for it muſt always increaſe again before it 
coincides with the Baſe, becauſe, after the Point E is 

ot below the Perpendicular BQ, both the Axes of the 

Ellipfis increaſe at the ſame time). 

The fame thing alſo appears from the foregoing Equa- 
—2ÞXa*—bÞ* 4/0 a*—1 44*b*+b+ 

34 ＋ 36? 
Roots expreſs the two Values of x (or Cv) at the Times 
of the Maximum (at H) and its ſucceeding Minimum 
(at 5). Hence it is manifeſt, that the Ellipſis may ad- 
mit of a Maximum between the Vertex of the Cone 
and the Perpendicular BQ , and yet, that Maxi- 
mum be leſs than the. Baſe of the / unleſs the 
foreſaid Angle DAC be ſo much leſs than 15 (above 
found) that the Increaſe from 5 to D, be leſs than 
the Decreaſe from H to h. Now therefore, to de- 
termine the exact Limit, let the foreſaid Increment 
and Decrement be ſuppoſed equal to each other, or, 
which is the ſame in Effect, let the Ellipſis BTESB 
= the Circle BqgDm, or ee = ppg that is, let 


; whoſe two 


— — *ab 
b 


greater 
the ſame thing) if the Angle DAC be not leſs than 15 
| 


m—— — 


=46*: From which 


D 3- Equa- 


{4 — P 


I = . as 2 
8 „ A otnt / We en et RD 2 Sets * 
2 (ako on —_— — »* 
* * - — 2 * 


Solution of Problems 


by ab3—btx—2bx* — 
PO you will get a XK __— 


*b+ 3bx+x* 
== _ — Xx 2 2 * ; Yoo, from the Equation 
354 r R 3a*x*x=0, (gi- 
| i b*X b*4-4bx+ 34 
ven above) you will, again, get a = — P 7 


NI 
PE b—xX 3—64 


: Whence, by comparing theſe 


.. Be. -H 
equal Values, there ariſes = I— 


which, ordered, gives x*+2bx—þ*=0, ang therefore 


x=by/ 2b. 
lein SED, if F—ake be 


Moreover, © Fr 


* herein for, its Equal, x:, it will become 


l  5b+x __ 5b+by/2—b _ 4+ v/2 
755 = Baa © ab . DP ö 


e 2210/2 = 11+ 8/ 2, 
4737 24 2 
Hence we have, I » 11 +8/2 1+84/2 382 25 (DC) : » 8 
:: Radius to the Tangent of the Angle ADC= 78e 30 
W hoſe Complement DAC = 11% 57/, is the leaſt Li- 
mit poſſible. Therefore, unleſs the Angle which the 
flant Side makes with the Axis be leſs than 110 5%, the 
greateſt Ellipſis will be lefs than the Baſe of the Cone, 


EXAMPLE XYIIl. 


42. Of all Triangles, having the fu. giuen Perimeter, 
© and inſcriled in the Jame given Circle; tg determine ths 
greateſt. 


Let the Diameter DA biſc& the Baſe BC of the re- 
quired Triangle BEC in H, draw AE, AB and BD; 
«lo draw AF perpendicular to BE, and GE, parallel to 


BC, 


de Maximis & Minimis. 
BC, meeting AD in G: 
Then, putting AD = a, 
half the given Perimeter 
of the Triangle b, and 
DH y; we have BH = 
Way—y', and therefore 
EF=b-y/ ay-y**. More- 
over DH (y) : AD (a) 
i: DB* : DA» :: EF. 


() 


a 
_ X ay—y* 3 
therefore 40455 F wb 
| 1 
4 5 3 


3 whence the Area of 


the Triangle BEC (BHXHG) LLL 233 
7 


2 
+2hy, whoſe Fluxion 245 being put = o, 
| * | ay—yy 


gives ay—yy = tba; whence y, and from thence 
the Sides of the Triangle may be determined. 


EXAMPLE XIX. 


43. To determine the greateſt Area that can be contained 
under four given Rigbt- lines. 


Though it is demonſtrable from common Ge 
that the Area will be a Maximum, when the Trape- 
zium ABCD, formed by the given Lines, may be in- 
ſcribed in a Circle *, yet I ſhall here give the Solution 
from the Principles of Fluxions, (whoſe Uſes I am now 


By Prop. 13. Page 62. Flem, Trig. 
„ Sec Page 117 of Elem. Grometry, 
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Art. 22. 


Solution of Problems 


ndi- 


illuſtrating). In order to which, let the te Peep AC 

be drawn, and upon CB and AD let fall the 

culars AE and CF ; putting AB=a, BC, CD=c, 
DA=d, BE, 
and DF = 9 : 
Then AE being 
CES and 
CF 
the Area "of — 
Trapezium 

BC X AE + 

FADXCF ) will 
be=EZbV/ a*%x* 
T . 

3 hes "Say | 

and its Fluxion —=== — =0®; 

V a*—x* _ i 
—dyy bx 
and therefors ——=— — — Moreover, 
Ve.— a—x* 


ſince b+a*+2bx Ac 2 = 4*+*—2dy, by taking 
the Fluxion thereof, we have 2bx =—24z, or —dy = 
bx ; which, ſubſtituted for - in the foregoing Equa- 


: _ Oxy Wie. 2 3 7 Py 
ion IV — - 
0 . Vane DN 


VE 3 and conſequently, VS Boy” TT) 2 


(DF) :: Wa*—x* (AE) : x (BE): From which it 
appears that the Triangles DCF and ABE are ſimilar, 
and that (D+ABC being = 2 Right Angles) the Trape- 
zium may be inſcribed in a Circle ; but this by the Bye. 
We are now to get an Expreſſion for the Area in known 
Terms, and in _ thereto we have „ 20 = 


dd+0*— ay, „= and CF EET (becauſe AB 
BE:: DC; DF, c.): Therefore, by Subſtitution, 5.4. 
E, and the Area (FBC x AE 
+!AD 


de Maximis & — 


+ HAD X CF) = Eb a*—x* $5 — 8 
eee, ad therefor he Square thereof = 


b 1 
Fed * rb < - CN OT N= e 
X 1+=X — But ſince *,“ Cab = d C 
2cdx x PEP -a 


8 
Ic .. 8 har 
dd — 1 —2 F 24 þ 20 + dd =-. 


ZT "2abÞ2cd 7 

— 2 a 2 | 

a+ —b—a) 1 2ab+2cd—dd=* - Ca 
Dr ee 


Tc 
2ab2cd * and confequently, the Square > the 


SIA Fo SE we TO r 


55 —— 


R A 3 
16 ö 


the Difference of the Squates of any two Quantities is 
equal to a Rectangle un under their Sum and Difference) 


Te X d+c—b+a N > 2 i 


Ee e 


NICI 442 Nd Ec+3b++fa—d, Whence 
it appears, that, if from + the Sum of all the four Sides 
each particular Side be ſubſtracted, the continual Pro- 
duct of the Remainders will be the Square, or ſecond 
Power, of the Area. 


As = 5 2ab+2cd X 2ab+256d 


will alſo be= 


From this Theorem, the Rule in common Practice, 


for finding the Area of a Triangle, having the three 
Sides given, is deduced, as a Corcllary :* For, making 


ar, 


4¹ 
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Solution of Problems: 
a=6, the Trapezium becomes a Triangle, and the ſe- 


cond Power of its Area ATT xf 
 XIdþ+FcþEX Fd+EÞIRSd: Which, in Words, 


is the common Rule. 


EXAMPLE. XX. 
44+ To find the great Value of y in the Equation a 


r 0 


By putting the whole Equation int into Fluxions, &c. 
we have 2a*x+#=2xx+2y9X 3Xx NY, which in the 


® Att, 22. required Circumſtance, when y=0 *, becomes 2a*xx 


Sb T whence x*+y ee; „ and FA 
as 


* T3 : But, by the given Equation porn Sr; 


conſequently ar * = = „ and therefore x = 
NE 2. „ 
33 ng (=5; "10%: 11 
2 
2 377 
The ſame otherwiſe. 


Since xx * is given = a*x*, we have * ＋4 * = 


ax xz, and therefore a x*—x*; whoſe Fluxion, 
a 


3 
Ka- : a* . 
27 oo e * , 


Zac ai, being put =0, we alſo get 


=x; Whoſe Cube is 


whence 29x*=a+*, and OO * 


95 2 
the ſame as before. 


45- When 


de Maximis & Minimis. 43 
45. When, in the general Expreſſion, whoſe Maxi- 
mum or Minimum is ſought, there are two or more in- 
determinate Quantities, independent of each other, their 
reſpective Values, in the required Circumſtance, will 
de determined, by making them flow, one by one, while 
the others are ſuppoſed invariable; as in the following 


EXAMPLE XXI. 


Wherein it is propoſed to find three ſuch Values of x, y; 
and x, as ſhall make the Value of bi—x3 X x*Z—23 
Xx the greateſt poſſible. 


Firſt, conſidering y as variable, and the reſt conſtant, 
we have xy—2yy g“; whence y Ax, and xy—y*= ® Art. 22g 
*. By making z variable, we have x*#—3z*z=0 3 
| 2 3 
whence == , and . = 28 Nov let theſe 
Values of xy—y* and x*z—=z3 be ſubſtituted in the given 
4 2.x3 


* Expreſſion, and it will become Ix 373 A = 
b3x5—x® | | 


——_— therefore 563x*+—8x7z=0: Whence x = 


3 3 „ 
Ar) =; =— }==x6 
OS 70 * 45K 5, and æà —) X 
ys, 


3 | 
The Reaſon of the foregoing Proceſs is obvious: 
For, if the Fluxion of the given Expreſſion, when any 
one of the indeterminate Quantities is made variable, be 
not equal to Nothing, that Expreflion may become 
greater, without altering the Values of the reſt, which 
are conſidered as conſtant : And therefore cannot be + Art. 22, 
the greateſt poſſible, unlc6 the ſaid Fluxion is equal tes? 
Nothing. | 


Ex 
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Solution of Problems + 


EXAMPLE XXII. 


46. To determine the different Values of x, when that of 
2x%+—28ax3+844*x*—9g64*x+ 486+ becomes a Maxi- 
mum or Minimum. 8 


The Fluxion of the given Expreſſion being (as uſual) 


| put equal to Nothing, we have 12x*—84qax*+ 168a*x 


* Art. 22. 


6a3 So, or x#3i—yax*Þ+144*x—843 =0: From 
whence (by the Method of Diviſors) we get x—a=o, 
X—24=0, Or x—44=0: Therefore, the Roots of the 
Equation, or the three Values of x, are a, 2a, and 


44. 
SCHOLIUM, 


47. It appears, from the laſt Example, that a Quan- 
tity may admit of as many Maxima and Minima (ac- 
cording to the Meaning of the Definition *) as there 
are poſſible Roots in the Equation, ariſing from aſ- 
ſuming its Fluxion equal to Nothing. Now to know 
which of thoſe Roots point out a Maximum, and which 
a Minimum; find whether the Value of the ſaid Fluxion, 
a little before it becomes equal to Nothing, be poſitive 
or negative; if poſitive, the ſucceeding Root gives a 
Maximum; but if negative, a Minimum: The Reaſon 
of which is extremely obvious; becauſe ſo long as any 
Quantity increaſes, its Fluxion is poſitive, but when it 
decreaſes the Fluxion is negative. | 

As an Example hereof, let the Quantity 3àõ - 28 
+ 844*x*—9g643x+ 486+, be again reſumed ; whoſe 


Fluxion is I2XXx*—7ax*+ 144*x—B80*=12XXx—aX 


zac za: Whereof the Value, before it becomes 
equal to Nothing, the firſt time (or before x=a) being 
negative (becauſe the Product of three negative Factors 


is negative) its firſt Root (3) therefore indicates a Mi- 


ni mum: Whence we may conclude, without conſider- 
ing farther, that the ſecond Root (23) gives a Maxi- 
mum, and the third (4a) another Minimum. But, if 
3 you 


de Maximis & Minitnis. 
you would know whether the firſt or third Root gives 


the leſſer Value of the two; it is but ſubſtituting in the 


given Quantity, which will come out 48þ+—37a*, and 
48þ4—644* reſpectively; therefore the latter is the leſ- 
fer, and the very leaſt Value the propoſed Expreſſion 
can admit of, | | : | 
When all the Roots prove impoſlible, the Quantity 
propoſed (as its Fluxion can never become So) muſt 
either increaſe, or decreaſe, continually ; and therefore 
can neither admit of a Maximum nor a Minimum. 
Moreover, it may ſo happen, that the Roots are poſ- 
ſible, the Fluxion = o, and yet the Quantity itſelf be 
neither a Maximum nor a Minimum in that Circum- 
For let us, again, ſuppoſe the Point = to move after 
m, as in the general Illuſtration, (vid. Art. 22.) only 
let the Velocity 

longer than till it arrives at D; after which let it again 


decreaſe: Then, though the Fluxion of the Diſtance * 


mn is Nothing, at the Poſition CD, yet the Diſtance 
itſelf will not be a Maximum; becauſe (having after- 
wards, as well as before, a leſs Velocity than ) will 
ſtill continue to loſe ground. -In the ſame manner the 
Matter may be explained with regard to a Minimum. 
And it is evident, that theſe Caſes will always happen 
when the Fluxion of the given Quantity is of the ſame 
Denomination (with regard to poſitive and negative) 


both before and after, it becomes equal to Nothing: 


Which, by the Rules of common Algebra, is known 
to be when the Equation admits of an even Number of 
equal Roots.— An Example hereof, however, may not 
be improper. | En,” 

Let then the Quantity propoſed be 244%x — 30 
+ 16ax*—3x*; whoſe Fluxion is 244*z—6oa*xz + 
48a / - I12* = 12xXa—xXa—xX2a—x Which 
being made S, it appears that the two leaſt Roots are 
equal, Therefore there is neither a Maximum nor Mi- 


nimum when x=a (becauſe whether x be taken a little 


lefs, or a little greater, than a, the Value of the Fluxion 


of n (in the firſt Caſe) increaſe no 


will 


45 


Solution of Problems 


will till be affirmative.) The greateſt Robot, however; 
not being affected with another equal one, indicates & 
Maximum, according to the Rule above preſcribed, 

To render what has been obſerved above ſtill more 
conſpicuous, let the given Expreſſion, 244%%—30a*x* 
+ 16ax3i—3x+, be repreſented by the variable Ordinate 
PQ of the Curve AQUINR, whoſe Abſciſſa AP is (as 
uſual) denoted by x. DO blo CH, 

Then, whilſt (12z X a—x X a—sx X 2a—sx) the 
Fluxion of the Ordinate continues poſitive, (or till 4 
becomes =a=AB) the Ordinate itſelf will increaſe : 
But at the Poſition BM it becomes ſtationary (if I may 
be allowed the ee the Fluxion being then g. 
After which, the Fluxion being again affirmative, the 
Ordinate will again increaſe, till x becomes = 2a (= 
AC); when, the Fluxion becoming Nothing, (a ſe« 


Q 


— ——_——__ 
— 2 


1 \ 


cond time,) and afterwards negative, CN will be 2 

Maximum Soon after which the Curve deſcends be- 

low its Axis, and continues to recede from it in in- 
tum. 

Another Thing there is that ought to be regarded in 
the Solution of theſe Kinds of Problems, and that is, 
whether the Maxima or Minima, found by aſſuming 
the Fluxion =o, fall within the Limits preſcribed by 
the Nature of the Queſtion or Figure ; which is often 
reſtrained by Conditions that do not enter into the al- 
gebraic Computation. 

Thus, for Example; _—_— it were required to find 
that Point (F) in a given Ellipſis ABHD which, : all 

Others, 


de Maximis & Minimis. 47 
others; is the moſt remote from the Extreme B of the 
conjugate Axis BD. 

Then, drawing ; 
FE lel to the Db 


Tranſverſe AH, and E F 
putting AH a, BD 
— and wn, we ; 
ave, by the Propert - | 
of che Curve Bf. a | | A 
(=BE*+EF*) ** 
— 
r X z from 


whence x is found = 
2. But, from the Nature of the Figure, the 


eateſt Value that x (=BE) can poſſibly admit of is 
£(=BD), therefore if the Relation of à and 6 be ſuch, 
5 
that r is greater than 3, this Solution is manifeſtly 
impoſſible. To determine the Limit, therefore, 
25 : 

— then it will be found that 2þ*=7. 
Whence the foregoing Solution can only obtain when 
2BD? is equal to, or leſs than AH*. 

Again, it ought to be alſo conſidered whether the 
Value of x, found by the common Method, gives a leſs 
Quantity for the Maximum, and a greater for the Mini- 


mum, than will ariſe from the Extremes themſelves by 
which x is limited. 


Thus, let it be R. 


required to deter- | 
mine the greateſt P 

and leaſt Ordinates Q | 
in a Curve, APR, | 

whoſe Equation is 
* =ba"x—gax*+ _ 

4x7), and whoſe | | 
greateſt Abſciſſa 
AD is given equal A B CC D 
26, 5 Here 


Solution of Problems 


Here we ſhall, by taking the Fluxion, &c. have x= 
Ta, or x=a : The former of which Values gives the cor- 


5 | | 
reſponding Ordinate ER 4 3 and the latter, CQ. 
S: But the firſt of theſe is not the greateſt of all 
others, becauſe the Extreme DR exceeds it, being = 
2a; nor is CQ the leaſt poſſible, becauſe the Ordinate 
at the other Extreme A is nothing at all. | 

Sometimes one, or more, of the Points Q, 8, Ce. 
determining the Maxima and Minima, will fall below 
the Axis AF, (as in the annexed Figure). In which 
Caſe the correſponding Value of the general Expreſſion, 
repreſented by the Ordinate, will be negative : But at 
the Points , c, d, &c, where the Curve interſects the 


5 _BNe/ | D - 
| an: > 


Axis, it will be equal to Nothing : Whence (by the ' 
Bye) the Reaſon why the Roots of an Equation (x 2 
. ＋7 o) are impoſſible by Pairs 5 
is evident. For, ſeeing Ab, Ac, Ad, Ae, &c. are the t 
Roots of that Equation, or the different Values of x, 0 
when the Ordinate a —2*«ð— * . + +5 þ 
(MN) becomes equal to Nothing, it is plain, if PA, N 
expreſſing the given Term 9, be increaſed- to Pa, ſo 1 
that AF (then coinciding with af) may touch the Curve 8 


in 8, the adjacent Roots Ad and Ae will then become 3 


I 


de Maximis & Minimis. 
tqual ; and if 9 be faither increaſed, ſo that the Axis 
may fall wholly below the Curve, not only thoſe two, 
but alfo the other Roots, Ab and Ac, will become im 
poſſible. | | 
Various other Obſervations might be made, relatin 
to the Limits of Equations, determined by theſe Maæl- 
ma and Minima; but this being foreign to the Matter 
in hand, I ſhall content myſelf with one Remark more, 
VIZ. | | 
Any Expreſſion, which being put equal to Nothing, ad- 
mits of two or more equal Roots, has as many ſuc- 
ceeding Orders of Fluxions equal to Nothing, at the 
fame time, as are expreſſed by the Number of thoſe Roots 
minus one. . 2 
Thus, an Equation, having three equal Roots, has 
both its firſt and ſecond Fluxions equal to Nothing, 
when the Fluent itſelf is equal to Nothing. | 
Hence we have another Way ( beſides that given 
above) to know when a Quantity may have its Fluxion 
equal to Nothing, and yet neither admit of a Maximum 
nor a Minimum : For, fince this Circumſtance always 
takes place when the Equation admits of an even Num- 
ber of equal Roots ( as has been already ſhewn) the 
Number of Orders of Fluxions, equal to Nothing, 
at the ſame time (including the Firſt) muſt alſo be 
even. | 
| Hence, alſo, we have an eaſy Method for diſcovering 
when ſome of the Roots of an Equation ate equal; 
and, if ſo, what they are. | 
Thus, let x3= 3ax* + 443 = © be propounded ; 
whereof the Fluxion 3x*x—6axz being aſſumed equal 
to Nothing, we find x ; which will alſo be a Root 
of the given Equation, if it admits of two equal ones : 
To try it, therefore, I ſubſtitute 24 for x; and find it 
anſwers. e | 
Again, let 8x*—28ax3+184*x*+274*%x#—274*==0 3 
whereof the firſt and ſecond Fluxions being 32x%x— 
84ax*x + 36a*xx + 274% and g6x*x* — 168ax3* + 
364*x?, if the latter of mw be aſſumed =o, x will 
| be 


50 


Solution of Problems 
be f ==> . or: One of which 
Quantities, if the Equation propoſed admits of three 
equal Roots, will be the Value of each of them: By 


trying =, it will be found to ſucceed: Whence, by a 


| | 28a 34 
well known Rule, the fourth Root (being = _—_— 


X3=—a) is alſo given. : 
The Reaſon of theſe Operations, as well as what is 
aſſerted above, may be thus demonſtrated. * 

Let r—x X r—x Cc. X A+Bx+Cx* c. =0, 
be any Equation, us two or more equal Roots, re- 
preſented, each, by r: Put y=r—x, and let the Num- 
ber of the equal Roots be denoted by n; then, by Sub- 


ſtitution, we have y N ATB CN Sc. 


'=0; which, by expanding the Powers of r—y, and 
putting a=A+Br+Cr* Sc. b=B+2Cr+3Dr* c. 


will be further transformed to y Xa—by+cy*—dy* e. 
So: Whoſe Fluxion najyy —n+I « bjy + nÞ2 . 


oy ** Oc. is evidently equal to Nothing, when y, or 


its Equal -x, is Nothing (provided n be greater than 
Unity). It is equally plain, that the ſecond Fluxion 


1. I —Fl.njy z. HT. 5 


Sc. will alſo be equal to Nothing, in the ſame Cir- 
cumſtance, if u be greater than 2. c. Cc. 


Hence, univerſally, let the Number (n) of equal 
Roots be what it will, that of the Orders of Fluxions 


equal to Nothing, at the ſame time, will be expreſſed 


by that Number minus one, as was to be ſhewn. 


"CEOS. 


＋ 


ef or} 
SECTION IN, 


The Ye of FLuxions in drawing Tangents 
to Curves, 


ILLUSTRATION. 


48. ET ACG be a Curve of any kind, and C 


the given Point from whence the Tangent i is 
to be drawn. 


F 75 m mw m & 
Conceive a Right-line g to be carried along uni- 
formly, parallel to itſelf, from A towards Q, and let, 


at the ſame time, a Point p ſo move in that Line, 
as to deſcribe, or trace out, the given Curve ACG : 


_ Alfo let mm, or Cn (equal, and parallel to mm) expreſs 


the Fluxion of Am, or the Celerity wherewith the Line 
mg is carried; and let 28 expreſs the correſponding 
Fluxion of p, in the Poſition mCg, or the Celerity of 
the Point p, in the Line mg. Moreover, through the 


Point C let the Right-line SF be drawn, meeting the 


Axis of the Curve (AQ) in F. 
E 2 plas: 


_ 


"a 


The Uſe of FL.ux1ons 
Now, it is evident, if the Motion of p, along the 


ol 


Line mg, was to become equable at C, the Point 5 
would be at S, when the Line itſelf had acquired the 


Poſition mSg (becauſe, by Hypotheſis, Cz and »S ex- 


preſs the Diſtances that might be deſcribed by the two 
uniform Motions in the ſame time). : | 
And, if bg be aſſumed to repreſent any other Poſi- 
tion of that Line, and : the contemporary Poſition of 
the Point p ( ſtill ſuppoſing an equable Celerity of p); 
then the Diſtances Cv and vs, gone over, in the ſame 


7,7 4 02. 
—C 


ä 
time, by the two Motions, will, always, be to each 
other as the Celerities, or as Cn to 18: Therefore, 
ſince CS: vs :: Cn : 18 (which is a known Property 
of ſimilar Triangles) the Point s will, always, fall in 
the Right-line FCS: Whence it appears, that, if the 
Motion of the Point p along the Line mg was to become 
uniform at C, that Point would then move in the Right- 
line CS, inftead of the Curve-line CG. | 

Now, ſeeing the Motion of p, in the Deſcription of 


Curves, muſt, either, be an accelerated or a retarded 
one, let it be, firſt, conſidered as an accelerated one: 


In which Caſe the Arch CG will fall, wholly, above 


the Right-line CD (as'in Fig. 1.) becauſe the Diſtance 
of 


7. FE Ao as 


in drawing Tangents. 


| of the Point p from the Axis AQ, at the End of any 


given Time, 1s greater than it would be if the Accelera- 
tion was to ceaſe at C; and, if the Acceleration had 
ceaſed at C, the Point p would ( it is _ ) have 
been always found in the ſaid Right-line FS. 

But if the Motion of the Point p be a retarded one, 
it will appear, by reaſoning in the ſame manner, that 
2 3 CG will fall wholly below the Right - line CD 

as in Fig, 2.) "Y : 

This being the Caſe, let the Line mg, and the Point 
p, along that Line, be now ſuppoſed to move back 
again, towards A and m, in the ſame manner they pro- 
ceeded from thence: Then, ſince the Celerity of p 
(Fig. 1.) did before. increaſe, it muſt now, on the con- 
trary, decreaſe ; and, therefore, as p, at the End of a 
given Time, after repaſſing the Point C, is not ſo near 
to AQ, as it would have been, had the Velocity con- 
tinued the ſame as at C, the Arch Ch (as well as CG) 
muſt fall wholly above the Right-line FCD, And, by 


the fame Method of arguing, the Arch Ch, in the ſe- 


cond Caſe, will fall, wholly, below FCD: Therefo e 


FCD, in both Caſes, is a Tangent to the Curve at the 
Point C: Whence, the Triangles FmC and Crs beir g 


ſimilar, it appears, that the Sub-tangent mF is always 
a Fourth-proportional to (8) the Fluxion of the ordi- 
nate (Cn), the Fluxion of the Abſciſſa, and the Ordi- 
nate (Cm). 


Otherwiſe, 
49. Let ACG repreſent the propoſed Curve, and let 


the Right-line FCD be a Tangent to it, at any Point 
C, meeting the Axis AQ (produced if neceflary) in 


F: Suppoſe a Point p to move wy, the Curve, from A 
towards G, and let the abſolute Celerity thereof at C, 
in the Direction of the Tangent CD, or the Fluxion of 


53 


the Line Ap ſo generated *, be denoted by CS, any . Art. , 
Part of the ſaid Tangent: Then, if AH, mp and mSand 5, 


be made perpendicular, and Ipr parallel, to AQ, the 
relative Celerities of that Point, in the Directions Cn 
and mC, wherewith Ip (Am) and mp increaſe in this 

E 3 P oſition, 


4 The Uſe of Fiuxions 


Art. 35, Poſition, will be truly expreſſed by Cn and nS'* ; But 
the Celerities by which Quantities increaſe are as the 
Fluxions of thoſe Quantities: Therefore ( CS be- 


| ing the Fluxion 
H D of the Curve-line 
: 5 & | Ap) Cn and nS 
- — are the corre- 
| SA ſponding Fluxions 
0 N of the Abſciſſa 
1 . in Am and the Or- 
P ; dinate mp; And 
| [ 4 we have Sn: nC 
| BY | | : : M, the 
; | ; ; fame as hb ore. 
| bw 1 — if the 
. 2 i. Abſciſſa Am be 
F A m M Q put , and the 
Ordinate n y. 


we ſhall have m = : By means of which general Ex- 


preſſion, and the Equation exprefling the Relation be- 
tween x and , the Ratio of the Fluxions & and y will be 
found, and from thence the Length of the Sub-tangent 
(nF) as in the following Examples. | 


EXAMPLE I. 


50. To draw a Rigbt-line CT, to touch a given Circle 
7 BCA, in a given Point C. 


Let Cs be perpendicular to the Diameter AB, and 

ut AB = a, 
BS x and SC 
=»: Then, by 
the Property of 
the Circle, * 
(CS*) = BS X 
AS(=xXa—s) 
= 0x — ; 


whereof 


in drawing Tangents. 55 
whereof the Fluxion being taken, in order to determine | 
the Ratio of & and 5, we get 2yy = ax—2xx ; conſe- 

2 
2 => 2—; which, multiplied by , 


* 
quently 7 = =. 
E 2 = the Sub-tangent ST . W. 
F LT > habe tangent „ r 43 
(O being ſuppoſed the Center) we have OS (ga-): RM 
CS (y) :: CS (y) : ST; which we alſo know from 
other Principles. 


gives 


EXAMPLE II. 


5 1. To draw a Tangent to any given Point C of the co- 
| nical Parabola ACG, 


If the Latus Rectum of the Curve be denoted by a, 
the Ordinate MC by y, and its correſponding Abſciſſa 


\Q 
8 
2 


| 


LL PT EELLE TT ALLELE BRL 


— 2 M nn 
AM by x; then the known Equation, expreſſing the 
Relation of x and y, being vx =y*, we have, in this 


| | 2 cf + Art, 48 
| Caſe, az=2yy ; whence 5 and conſequently ge 8 


2y* | 
- =——=2x=MF Therefore the Sub-tangent 


is juſt the double of its correſponding Abſciſſa AM: 
Which we likewiſe know from other Principles. 
. 


E 4 E X- 


— — Z ” — — 2 — 
—— — 5 8 — — 
— —_— — — — 
— — 1———— = — —— —-— — cr 2 — — 
- — 2 — — >= — en oo —— 
— * _ ———— 
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EXAMPLE I. | 
52. To araw a Tangent to a Parabola of any lind. 
The general Equation of thefe fort of Curves being 


+ | r Eee 

4 * = ra 75 we have r 32 m. Kn K . 

rr m4 —1 ' 

x 
and therefore — = mMTnX y —; whence ou 
"NI > m n—I F 
x 
g, N mn m 1 
mu 10. fe * „ 
na Xx 1 Xx 


22 ——Xx = the true Value of the Subtangent : Which, 


= PRI is to the Abſciſſa, in the conflant Ratio of 
m-þ1 to n. 


EXAMPLE Iv. 


> 53- To draw a Tangent RT, te a given Point R, in a 
given Ellipf is BRA, 


If RS be an 
Ordinate to ho 
principal Axis 
AB, and there 

| be put (as uſual) 
77 Yo ER We _- R f 
AB a, and the 
leſſer Axis ; we ſhall, by the Property of the Curve, 
have : b:: ax—x* (BSX AS): * (RS?), and there- 


fore e TT Whence PXar—2454=20"yj . 


j and conſequently the Sub- tangent 


— XL Ex  bixXIgey 


* 


In drawing Tangents. 


ax—x* ' : 1 | 
r Whence the Point T being given, through 


which the Tangent muſt paſs, the Tangent it ſelf may 
be drawn. | 


But if you would derive an Expreſſion for the Sub- 
tangent, in any other kind of Ellipſis (beſides the coni- 
cal) let the Equation a R * 7 exhibi- 


ting the Nature of all Kinds of Ellipſis, be afſum- 
ed: Then, by taking the Fluxion thereof, you will 


have — m X r N + nix” X O 
393 | | 2 
=—X u X "x 7 and therefore 7 — 

F , 
2 X mu 9005 
— * manage cen X * + nx 1 X @a—Xx 8 
mu XA Xx" 


mon X ax my 


on vr I ; which is the Sub- tangent required. 
na- mx 


EXAMPLE V. 


4. To draw a Tangent, to any given Point R, in a given 
en,, 0. 


If a and c be put to denote the two principal Dia- 
meters of the Hyperbola, the Equation of the Curve 


will be c*Xax+x*=a** From whence we have c*X 


ar 
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Art. 48 
and 49. 


The Uſe of Fiuxions 
Fa = wy,» = 
= 1 Oe — —— - 
Woo. 5 Xia; 7 andconfequent 


yo ap 

——_— = - 
J XH x 
— © X ax--x* 


eXHabs 
ax ** 
TIT” = ST. 
Whence BT (ST— 
ps) = 
3 is alſo 


1 | 
known; and there- 
fore the Point T being given the Tangent RT may be 
drawn. | 
The Manner of drawing Tangents to all Sorts of 
Hyperbola's, univerſally, will be the ſame as in the El- 
lipſes, the Equations of the two Kinds of Curves dif- 
ſering in Nothing but their Signs, 
EXAMPLE YI. 
55. Let- the propoſed Curve be that whoſe Equation is 
ax*<pxy*+x*—y3=0. 
Then we ſhall have 2ax*+y*#++2xyj+3x*%* 355 
o; therefore 2axz+j*x+ 3x*x = 33*)—2xy), = 


eee IRS e HO 
2ax+y*+ 3x7 z an conſequently 5 — 2ax+5*+ 3x* $ 


E X- 


—_ 


in drawing Tangents. 


EXAMPLE VII. 
50. Let the given Curve be the Ciſſoid of Diocles, whoſe 
| x3 | 


* * 2 — DP; AE 1 
Equation is yp = —— 


0 1 * 3 2 3 - 
Here we have 2yj=E inet i = = 


2 2 
— a—x\ 


_ FF 29Xa— * 
Whence 54 — NS „and conſequently the Sub- 


2 2 
c 2 — 3 Eg 
tangent (E) RT Le - 


oo Jax*==233 4 © 2ax*%—2.x7 


== 


2XXa—x 


_ 


EXAMPLE VIII. 


57. Let the Conchoid of Nicomedes be propoſed ; where- 
of the Nature is ſuch, that, if from a Point B, called 


B 


the Pole, any Number of Right-lines, BA, BR, 
BR, &c. be drawn, the Parts of thoſe Lines CA, 
VR, UR, &c. intercepted by the Curve and its Axis 
CT, ſhall be, all, equal to each other. 


In 


60 


The Uſe of FLux10Ns 
In this Caſe (ſuppoſing AB and RS perpendicular, 
and RH parallel, to CT; and putting BC =a, Rv 
(AC) =b, CS=x, and RS =y) we have, per ſim. 
Triang. a+y (BH) : x (RN) :: y (RS) 4 85% $ 
But Sv (VN R ) is allo = -r]; therefore 
2 
= b*—y* or ** = a+) * b*—y* is the 
general Equation of the Curve; which, in Fluxions, 


— — 25 5 
gives 25. L925 x e N . = 


27 X a+ X PB =ay—2y* and therefore - = 


X b*—ay—2y? — x? | 
- — = ' conſequently T = 


a +y X y X *. — 25 _ 
22 : inn 
— 2,., » 
* IN e - (becau *J 
= Fx orb 
„ 
. N 


„ Which being a negative Quantity, the 
. | 


Tangent will therefore fall on the contrary Side of the 
Ordinate, from the Vertex; and ſo, by changing the 
ö mn ? 
Signs we ſhall have —== for the Sub-tangent 
JV bb—yy 

ST in this Caſe. | | 

After the Manner of theſe Examples the Sub-tangent, 
in Curves whoſe Abſciſſas are Right-lines, may be de- 
termined : But if the Abſciſſa, or Line terminating the 
Ordinate, on the lower Part, be another Curve, then 
the Tangent may be drawn as in the following 


E X- 


in drauing Tangents, 


EXAMPLE N. 


58. Let the Curve BRF be a Cycloid; whoſe 
Abſciſſa is here ſuppoſed to be the Semicircle BPA, to 
which let the Tangent PT be drawn (as above). More- 
over let RH be a Tangent to the Cycloid, at the cor- 


F 


. 


reſponding Point R, and let GRe be parallel to TP»; 
putting the Arch (or Abſciſſa) BP=z, its Ordinate 
PR=y, AF=6b, and BPA=c: Then, by the Proper- 
ty of the Curve, we ſhall have c (BPA): b (AF) :: z 
bz bz. 
(BP) : y (PR) : Therefore y ==, and j = = re: 
But, by ſimilar Triangles, re (5) : Re (= PV) :: 
PR (y) : PH =—=x (becauſe y ==). There- 


fore, if in the Right-line PT, there be taken PH equal 
to the Arch PB, you will have a Point H, through 
which the Tangent of the Cycloid muſt paſs. 


EXAMPLE X. 


59. Let BP/ be a Curve of any Kind, to which the 
Method of drawing the Tangent cPg is known wy 
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BRh be another Curve of ſuch a Nature, that the Or- 
dinate PR ()) ſhall always be a Mean-proportional be- 


P 


| 
" B 8 A 


tween BS (x) and AS Ek ſuppoſing RPS perpendi- 


cular to AB: Put Po= x, SP =v, oc =v®, and er 
2j: Then, (as above) or (5). : Re ( e 


y == 
Wa +22) RP: (5) {PH == _ X2 : But, by 


the Equation of the Curve y*=ax—xx ; whence 2yj= 
2a Xx — 2K * 


ax—2xx, and == ——, and therefore PH = 
| „ AxX——2Xxx 


2ax—2XV®' +" Which will be expreſſed inde- 
ax—2Xx 


pendent of Fluxions, when the Property of the Curve 
BPh, or the Relation of x and v is given: Thus, let 
BP+ be the common Parabola, and AB its Latus Rec- 


4 tum; 


in drawing Tangents. 

ax 
2\/ ax 

| 24+ — + _ = and eh PH 

( 24x - 22 XV ＋ =) 4 NN 4x*+ ax : 


Ax=—2xXx 


tum; then v being =WVax, & will be = 


a— 2K 
Thus far relates to Curves whoſe Ordinates are pa- 
rallel to each other: We come now to Curves of the 
ſpiral Kind, whoſe Ordinates all iſſue from a Point: 
uch as the Spiral BAG, whoſe Ordinates CB, CA, 


CG, are all referred to the Point C, called the Center 
of the Spiral. 


ILLUSTRATION. 
6o. Let SAN be 
a Tangent 'to the 

Spiral at any Point A, 
alſo let CT be per- 
pendicular thereto, 
and let the Arch CBA 
(conſidered as variable 
by the Motion of A 
towards G) be de- 
| Noted by.z, and the 
Orfinate CA by y. 
Then X : 3 :: AC 


d * &% 
( : AT = =—. 


Hence, if upon CA, as a Diameter, a Semi-circle be 
| deſcribed, and in it, from A, a Right-line AT equal 


to 2. be inſcribed, that Right line will be a Tangent 
to the Spiral at the Point A. 8 


EN LE. 


61. Let the Nature of the Curve CBA be ſuch 
that the Arch CBA may be, always, to its cor- 


reſponding 


63 


OY 


Art. 5 
and 35. 


64 
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reſponding Ordinate CA in a conſtant Ratio; namely 
as a tob + Then, becauſez: :: 4: b, we have z = 
; { 3 
2 2 ==, and conſequently AT (2) — * 
AC : Therefore, AC and AT being in a conſtant Ra- 
tio, the Angle CAT muſt alſo be invariable. Which is 


a known Property of the logarithmic Spiral, 


EXAMPLE HI. 


62. Let BAA be the Spiral of Archimedes; whoſe 
Nature is ſuch that the Part EA of the generating Or- 
dinate, intercepted by the Spiral and a Circle BED de- 
ſcribed about the ſame Center C, is always in a conſtant 
Ratio to the correſponding Arch BE of that Circle, 


Si] 0 D 


Suppoſe An perpendicular to AC, Cc. 

Put BC gc, CA=y, and let the given Ratio of AE 
to BE, be that of b to c: Then b: c:: y—c (AE): 
cy cc p 

b 


SBE: whoſe Fluxion therefore is = . Now 
if 


in Curves of contrary Flexure. bs 


if the Right-line CEAa be ſuppoſed to revolve about 
the Center C, the angular Celerity of the generating 
Point A, in the perpendicular Direction An, will be to 
that of E as AC to EC; therefore as the latter of theſe 
; cy * ba Art, LL 
Celerities is expreſſed by , the former will be ex- 


preſſed by Z x 2, or N: Which is to O) the Celerity | 


'of A, in the DireQion Aa, 2s 7 to Unity, or as y to 


3. Therefore CT and AT are in the ſame Ratio, (by 
Art. 35) ind conſequently AC : CT :: Wy +6: 


ſpectively. From either of which (the Tangent AT 
may be drawn by Art. bo. And, in the ſame manner 


may the Poſition of the Tangent of any other Spiral 
be determined. | | 
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SECTION IV. 


Of the Uſe of Fluxions in determining the 
| Points of Retrogreſſion, or contrary Flexure © 
in Curves, 


63. EN a Curve ARS is, in one Part AR 

concave, and in the other Part RS con- 
vex, towards its Axis AC, the Point R limitirg the 
two Parts is called a Point of Retrogreſſion, or con- 
trary Flexure. The manner of determining which will 
appear from the following 


' ILLUSTRA- 
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ILLUSTRATION. 


Suppoſe a Right-line BD to be carried along nk 


formly, parallel - itſelf, from A towards C; and let 
the Point r io 


| move in that 
D D S Line, at the ſame 
| time, as to trace 
out, or defcribe, 
the given Curve- 
line ARS. 

Then (by Art. 
48.) while the 
Celerity of the 
i Point r, in the 

| Line BD, de- 
creaſes, theCurve 
| | will be 3 
A B B B C but when it in- 
| creaſes, convex to 
the ſame: Therefore, as any Quantity is a Minimum at 
the End of its Decreaſe and the Beginning of its In- 
* Art, 22. creaſe *, it follows that the ſaid Celeri ity, at the Point 
of Inflexion R, muſt be a Minimum: Whence, if the 
+ Art, 5. Fluxion of the Ordinate Br, expreſſing that Celerity +, 
be (as uſual) denoted by 5; then will 5 (the Fluxion 
2 Art, 22, of y) be equal to Nothing in that Circumſtance 3. 
So far relates to Curves which are, in the former 
Part concave, and in the latter convex, to their Axes : 
But if (on the contrary) the Celerity of r firſt increaſes, 
and then decreaſes, that Celerity, at the required Point, 
between the Increaſe and Decreaſe, will be a Maxi- 
mum; and therefore its Fluxion (or 5) is hewiſe ; rn to 
5 Art, 22. Nothing in this Caſe 
Furthermore, if CS (perpendicular to AC) be now 
conſidered as an Axis, and the Abſciſſa S» (or its 
Complement Br y) be ſuppoſed to flow uniformly, 
(as AB was ſuppoſed before) ; then, by the ſame Argu- 


ment, the * Fluxion ns ) of the ordinate ” 
(or 


— — 
— 2 — - n — — — — on - 
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in Curves of contrary Flexure. 67 
(or its Complement AB ) will be equal to Nothing. 
Hence it is evident that, at the Point of contrary Flex- 
ure, the ſecond Fluxion of the Ordinate will become 


equal to Nothing, if the Abſciſſa be made to flow uni- 
formly ; and vice verſa, ED is 


EXAMPLE I. 
64. Let the Nature of the Curve ARS (/ze the pre- 


ceding Figure) be defined by the Equation ay ate 4. 
xx (the Abſciſſa AB and the Ordinate By being, as 
uſual, repreſented by x and y reſpectively). Then 5, 
expreſſing the Celerity of the Point 7, in the Line BD, 
will be equal to ZE E2%:; Whoſe Fluxion, of 


that of 14 + 2x ( becauſe @ and + are conſtant) 
muſt be equal to Nothing “; that is, — tz + „ 0 
=0: Whence abr t=8, al g, 64x3z=a% and 
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x=2a==AB ; therefore BR (= 1 = 42a; 
TIRED TITER 

From which the Poſition of the Point R is given. 


* 15 4 = 
8 


EXAMPLE H. 


65. Let the Nature of the propoſed Curve be defined 
by the Equation ayy—aax—x3=0. ; 

Then, by taking the firſt and ſecond Fluxions thereof 
(ſuppoſing x conſtant) we ſhall alſo have 2ay9y—aaz— 
zu =0, and 2ay*2ayjy—bxxx =0 ; whereof the 
latter, when j is o, becomes 24y*—6xx* =o, and 

| „ * 
But, by the former y = OY 
zu Axa x) 


Fn ers — 
whence - oh — and conſequently I2axy 
3 


* £ 
therefore 3. —. 
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Au. 37. 


We Uſe of Fr uxioxs 
=8*+3x*)* ; but, by the given Equation, 1 24 = 
a , tax“, therefore 124*%x*+12x+* = a*+3x*)*, 
or 3x+* + 6a*x*—a* g= O: Whence x will be found = 
a&, . 11. 

Otherwiſe. 
n 
+a 


Ferrer 
therefore > How 8 fa . oth : Whoſe 


Since ay*= a*x+x3, we have y = and 


| Fluxion, or that of 5 NGN (becauſe 


— 
r is conſtant) being put o, we get 6xXa*x+x3) * 
Ta ＋ ZN X - 14 —¼ 1 N e = o, or 6x X 


a* + 3x* 
= 


a*x+x*+a*+ X X— : Whence 3x++6a*x* 


— a So, and x = aV 121, the ſame as be- 


for E. 


EXAMPLE II. 


66. Let the propoſed Curve be the Conchoid of Ni- 
omedes, whereof the Equation is x*%* = a+y* Xx 


— & ons 
boy? , or x* = 


Here 


in Curves of contrary Flexure. 69 


—_ $Xa+yXÞ—+—yXa+yV'Xy* 


Here we have xx = 5 — 
N DN XF= AN 
* „ A y3 XJ 8 


— 


5 42 
. —y X » Whence, making 5 inva 


75 * x 
2a*%b* 2ab* 5 
riable, we alſo have #*+x# = - : ä 1X y*: 
„ n 2ab* 
Which, becauſe & is =o *, will be & 7 + „ Art, 63. 
24 525 * 1 , 
Xx 2 | = X 5. But ſince, by the 
aby Xab*Þ+ yi _ 
former Equation, XX 2 — 72 - +2 Y, welike- 


wiſe get * = 1 , and conſequently 


Za b 2ab*y—y*Xx**=a+y x ab*+y?\"; But, by 
the Equation of the Curve x*y* is = ab)" X = 5 
therefore 3a*b*2ab*y—y*X a+) * b*—y= a+y* 
Xab*+?) „ and 34*b*þ2a6b*y—y* * e ab NY 3 
whence y* + 4ay*+3a%*—2ab*y—24%* = ©; which 
divided by y+a, gives y3 + 3ay* —24b* = o; from 
whence y may be determined. But if ba, the Equa- 
tion will become more ſimple by dividing again by 
z+a; in which Caſe we get *, 2 — 24 =o, and 
conſequently y=ay/ 3—8. | | 


EXAMPLE IV. 


67. Let a%y=180a3x*—1104*x3þ g -s. 
Then will 2% = 3604*xx*—3304a*x*#+120ax*z— 

I5x*x; 3 | 
F 3 And 


4 


70 The Uſe of Fruxions 
And 4 =3604%z*—bboa*x3*+ 360ax*z*—box3z?, 

o Art, 63, Therefore, 04%*—114*x þ G = =0*: 

. Which being diviſible by any one of the three Quan- 
tities a—x, 24—x, or 2a—x, the Root x muſt there, 
fore have three Values, a, 24, and 3a, and conſe- 
quently the Curve, defined by the given Equation, as 
many Points of contrary Flexure. We 
But, if you would know whether the Part of the 
Curve lying between any two adjacent Points, thus 
found, be convex or concave towards the Axis ; ſee 
whether the Value of the Expreſſion for the ſecond 
Fluxion of the Ordinate, between the two correſpond- 

ing Roots, be poſitive or negative: For, in the former 

F Art. 5 Caſe, the Curve is convex, and in the latter concave +, 
(provided the whole Curve lies on the ſame Side the 

Axis). Thus, in the Example before us ; becauſe the 

| ſecond Fluxion of the Ordinate is always as 64%—1 1aax 
+ baxx—x3 (Sax 2a—x X3a—x_) and it appears 
that the Value of this Expreſſion, while x is leſs than 
the firſt Root a, will be poſitive ; the Curve, there- 
fore, at the Beginning, will be convex to its Axis: 
But when x becomes greater than a, the ſaid Expreſſion 

being negative, the Curve will then be concave, and fo 
continue till x is equal to the ſecond Root 2a; after 
which the Fluxion again becoming affirmative, the 
Curve will accordingly be convex till x = 3a; beyond 

i which Limit the Curvature continually tends the ſame 

Way. 

But it will be proper to obſerve, that there are Caſes 
where the ſecond Fluxion of the Ordinate may become 
equal to Nothing, without either changing its Value 
from poſitive to negative, or the contrary, (ſimilar to 
thcſe already taken Notice of in Sed. II. p. 45 and 46.) 
which Caſes always happen when the Equation admits of 

an even Number of equal Roots: And then the Point 
ſound as above is not a Point of Inflexion, becauſe the 
Curvature on either Side of it tends the ſame Way. 


SECT, 


1711 & 


SECTION V. 


The Uſe of Fluxions in determining the Radii 
of Curvature, and the Evolutes f Curves. 


Curve OH 1 fd to be the Evolute of ano- 
ther Curve ARB, when it is of ſuch a Na- 


68. 


| ture, that a Thread ROH, coinciding therewith (or 


wrapped upon the ſame) being unwound or engaged 
from it, by a Power acting at the End R, ſhall, 

that End (the Thread continuing tight) deſcribe = 
given Curve ARB. 


ILLUSTRATION. 


From the Point O, where the Right-line RO (called 
the Radius of Curvature) touches the Involute pOH, 


jet the Semi-circle SRD be deſcribed ; which Semi- 
circle, having the ſame Radius with the given Curve, 
at R, will conſequently have the ſame De egree of Cur- 


vature. But the Curvature in two Curves is the 


ſame, when, the Fluxions of their Abſciſſas being the 
ſame, both the Firſt, and Second Fluxions of their 
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* Art. 48. 


Of the Radii of Curvature, 


correſponding Ordinates Ru and Rm are reſpectively 
equal to each other: For, the Firſt Fluxions being 
equal, the two Curves will have, at the common Point 
R, one and the ſame Tangent *Rh “: And, if the Se- 
cond Fluxions be likewiſe equal, the Curvature, or 
Deflection from that Tangent, will alſo be the ſame in 
both; becauſe theſe laſt expreſs the Increaſe or Decreaſe 
of Motion in the Direction of the Ordinate , upon 
which the Curvature intirely depends 4 . 

| This being premiſed, let the Abſciſſa Sm of the Semi- 
circle (conſidered as variable) be put =w, its Ordinate 
Rm=v, Rr=av, rb, and Rh=z Then, Rb be- 
ing a Tangent to the Circle at R ||, the Triangles Röhr 
and ROm will be equiangular, and therefore w (Rr) : 


z (RA) :: v (Rm): RO = ; which, becauſe the 
Radius of every Circle is a conſtant Quantity, muſt be 


VE VE 


invariable, and conſequently its Fluxion 


2 02 
WW . 

VE * : 
Whence v is found =—==——= (becauſe, «v being 


— 
conſtant, and wv* + v* = z?, we have, in Fluxions, 


3 2 . 
2 2, ard leo — =). Therefore fince v is= 


8 OE} by 2 
— alſo get SO RO (=) = ——== 5 . 
— 4 TW nn—_—_— —"y ——WIV 


Which laſt is a general Expreſſion for the Radius of any 
Circle, whatever, in Terms of the Fluxions of its Ab- 
ſciſſa (w) and Ordinate (v). But, by what is premiſed 
above, theſe Fluxions are reſpectively equal to thoſe of 
the Abſciſſa An (x) and Ordinate Rn (y) of the pro- 
poſed Curye ARB. Therefore, by writing &, 5, and 5, 


1 i 
inſtead of , , and b, we have 2 —— 72 


—95 7 


ſor che general Value of the Radius of Curvature, RO. 


The 


and the Evolute of Curves, 


The ſame otherwiſe, | 
If the Radius of the Circle be put = R, and every 
Thing elſe be ſuppoſed as above ; then (by the Property 
of the Circle we ſhall have v* (Rm?) = 2Rw—w* 
(Sm Dm): Whence, in Fluxions (making wv conſtant) 
we get 2vv = 2Rw——21ww, and 2v*+2v9 -a: 
From the laſt of which Equations v is found = — 


„2 


PX 


| VE 23 
= and conſequently RO (=) == 
the ſame as before. 


Otherwiſe without the Circle, 


Let RO and O be two Rays perpendicular to the 
Curve, indefinitely near to each other; and from their 
Interſection O, let OF be drawn parallel to An, cut- 
ting Rn and AF (parallel to Rn) in E and F. 

herefore, ſuppoſing RE=v, An x, Rn=y, Cc. 
(as before) we ſhall have, by ſimilar Triangles, as RP 


(=): Pg (5) :: RE (v): EO = 2; and conſequently 


FO (An+EO) =x +7 ; Which Value (as well as 
| | that 


73 


40 
; 
45 
: 
« 
ww 
1 
8 
1 
4 1 
U 
J 1 
: 
{ 
iy 
: 
j 
* 
* 
* 
1 
5 
# 
4 
1 
i 
„ 
D 
i 
þ 
$7 
, 
9 
" 
ef: 
h 
4 , 
if 
. 
EY; 
f 
4 
1 
17 
* 
"7 
* 
* 
* 
LA 
+ 
„ 
7 
0 
1 
b 
x 
C4 
. £ 
1 
4 


4 — 5 Canoe os. no OS : = — SY 3 
TC ² ˙ Ie ̃7˙—vN ̃½ ‚ͤbtf... ED > 


S 


- 1 4 . „ + * 1 n 


— a CS — D 
= — n 


N K 


r Eon ew = OE 


74 


Of the Radii of Curvature, 
that of AF) continuing the ſame whether we regard the 
Radius RO, or the Radius O, its Fluxion mu . 


fore be equal to Nothing; that is, #4 2 — 


** 


So; whence v = ——. » and conſequently RO 

(ee Heſs _ = 
0 * — 0 957 9 

is ſuppoſed conſtant, or # = o, will become — as 

above. Sat 


: Which, if * 


3 
But if 5 be ſuppoſed conſtant, it will be 7 And, 


if = be conſtant, it will then be > : For, fince 4. H 
==#?, by taking the Fluxion thereof, we have 244 + 


25 =0; whence j = — 3 and therefore RO (= 
2 © | 3 ** 25 
—)=— 6s 44 _ NLA 1 as before. 


Now from the . Values of the Radius of Cur- 


vature RO, found above, the correſponding Values of 
Ae and eO will likewiſe be given. 


Thus, if * be made conſtant; then, 7 being 
-3 


- = we ſhall have Az ( Ee X RO) = 
+=, and O (Rm—Rn= * Oh). 
Ts 


But, if y be made wy then, RO being =o 


& 


we ſhall have AE = x Son and eO = 5 
Laſtly 3 


and the Evolute of Curves. 
' Laſtly, if z be ſuppoſed conſtant ; then RO being 
=, we ſhall have Ar , and O . 


Which ſeveral Expreſſions will ſerve as ſo many ge- 
neral Theorems for determining the Quantity of Cur- 
vature, and the Evolutes of given Curves: But, before 
we proceed to Examples, it will be proper to obſerye, 
that the Right- line Ap, denoting the Radius of Curva- 
ture at the Vertex A (to be found by making x, or y, 
=0) muſt always be ſubſtracted from RO and Ae, to 
have the. true Length of the Arch pO, and its cor- 
reſponding Abſciſla pe. | 


EXAMPLE TI. 


69. Let the given Curve ARB be the common Parabol: 
whoſe Equation is y = 412; Then will z = Latex” 
25 
—— 5 and (making & conſtant) AN 
2* | 


14 FS”. + ſixÞa 
* :Whence (V#+5)) == 7 ; — 4 


and 


75 
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I. 
— — 
_ — 

— —— 
— — 


— — 
— = 


© oy 
and the Radius 4 Curvature RO (5)= ky 7 NE. 


2 
Which at the Vertex A, where x=0, will be 2a = 


Ap. Moreover Ae (x + — = a- Zx, and there- 


fore pe (A- Ap) = 3x, the Abſciſſa of the Evolute: 


— ̃ 


I — — i . — 1 — 
— — Y — —— 


«6-5 4* TR 
Likewiſe O- (=—) = = the Ordinate of de 


Evolute. Therefore, Cd“ a being in a conſtant Ratio 


to pe 773, namely as 16 to 27, the Curve is, in this 
Caſe, the Semi-cubical Parabola : Whoſe, Arch pO 


(RO—Ap) is alſo given 5 22 ra. 


1 EXAMPLE II. 

Ii 70. Let the Curve ARB denote a Parabola of any 

1 . ”, 5 
"Tl other Kind : Then, becauſe y = ax is an Equation to 
hy _ | —1. 5 
15 all Kinds of Parabolas, we have j = nax & andy 
kl —_— —. 8 — 

W n * IXa : Therefore à (V/#*+#*) = 

10 8 3. 
{ i N 
4 . 1+1n*a*x 
14 * I & 50 (= — — — 

. MXN Xax 

? j | 40 —1 : 

WAATY "a2 Xx n*a*x 2 * 

1 Ae (x +=) =x— + —, Oe (SZ=1) 

1 "I'M #—1 . 

10 21—2 2.— 

1 + 22 X na „ 

| N ö * n—2 7 Þ and Ap = . 7 

AA ——I Xnax 

3 1 2 

| 1 | Which, if r, will become = =—5 but, if = be 

. 

140 greater than Z, it will be = o; and, if u be leſs than Z 25 
by ir 
. N 2 
1 


un 


EE BETS A cg i 


and the Evolute of Curves. 


it will be infinite: Whence it appears, that the Radius 
of Curvature at the Vertex will be a finite Quantity in 


Curves whoſe firſt (or leaſt) Ordinates are in the Sub- 
duplicate Ratio of their Abſciſſas, and in all other Caſes, 
either Nothing, or Infinite. 


EXAMPLE III. 7 
71. Suppoſe the given Curve to be an Ellipſis; whoſe 
uation (putting @ and c for the two principal Dia- 
meters) is a ,t -. 
Here, by taking the Firſt and Second Fluxions of the 
given Equation, we have 20 = x X - , and 
24 j + 20*j = *x X —2x = -’; whence 5 = 


COxXa—2x ay oc 51> 

— 75 and 2 Which, by ſub- 
ſtituting the Values of y and y, will become 3 = 
 EXX&—2x SOL ,C . 


===, and —j = —= — 
24V ax—x* x be 44*X ax—xx N ac ax — * 
4 2 — 
4 ce * * +4Xax—x*__ cax* 
Wa © 4Xax=x*V/ ax—x* 4X pgs TD 


— en, 


Therefore z * J*o+a? ) = . — X_a—2.x : "0 


x 
4a*Xax—x* 5 
* * / —— —. and the Radius of 
9 ax —x* 4 
23 2,21. 02—2 z * 
Currature( => J= To — a : Which 


when the Diameters @ and c are equal, or the Ellipſis 
degenerates to a Circle, will be every where equal to 
N 


2 143 agreeable to the Definition of a Circle. 


EX 
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72. To find the Radius of Curvature, and the Evolute of 


Of the Radii of Curvature, 
EXAMPLE IV. 


* 


the common Cycloid. 
Let ARB be the given Curve, and AOH its Evolute ; 


alſo let Rh and OS be parallel to AC, and O and Rm 


R a h 


V 
* 


perpendicular to AC; and put ARB (S BC) S a, 
AR = z, An=x, and Rnu=y : Then BR=a—z, Bh 
= xa—y ; and, by the Property of the Curve, @* 
(AB?) : n (BR*) :: 44 (BC): Za—y (Bb) 


PAK ——ZE 422 —22 


whence y = _ therefore ) ns b 
242=—2Z* XK  2V/ 2a2—2? 
* = ———, and i=———. Whence 
K* X a—Z 


; from which 


(making & conſtant) # = 


OY 24%——z* 


1 We 


and the Evolute of Curves. 79 


2 * — —m—m—m—_ * Art. 68. | 
we get RO, or AO — —) ax, and O, 


or AS (-=) ===; which, when 2 =a, 
or ROH coincides with BH, become AOH (BH) Sa, 
and CH (AG) a. Hence, becauſe it appears that, 
AHR (2) : AO® (242 — 2) :: AG (3a) : AS 


( —.— it follows that the Evolute AO is alſo a 


Cycloid 1 and ſimilar, to the Involute ARB. 

If the Evolute had been given, or ſuppoſed, a Cy- 
cloid, and the Involute required, the Proceſs would have 
been, more ſimple, as follows, 

Let AH (2AG) =a, AO (= RO) x, AS x, 
SO=y, BR=v, Bh=w, Rr, Ri=w, Oc. Then 


5 & ( Om OR) R (: Rr = | 
* % u R (RO) : Om = =, 
Zx 


2: u f (RO) : Rm = Ds 
Whence we have v = _ „ Rn (Rm—AS) ===, 


and An (OS-Om) = y —_— ; which Expreſſions an- 


ſwer to any Curve whatever. 
But, in the Caſe above propoſed, AH* (a*) : AO 


(z*) : AG (2a): AS (x) ; therefore x = 225 * ==, 


and 3 ( =>) = _ ; and conſequently Rn 
U N | 


Tons) === == (or CB - B/): 


Whence 


80 


e Art, 5. 


Of the Radii of Curvature, 
| 42 ms 22h | * az 2 ab d 
Whence alſo w = = ad (> ES | 
= —_ {hte eee Yao) 
2: ia: Vw; that is, as Rr: R WBC: Bb: 


Which is a known Property of the Cycloid. 
Hitherto regard has been had to Curves where the 


Ordinates are parallel to each other: But when the Or- 


dinates are all referred to a given Point, as in Spirals, 
c. other Theorems will become neceſſary; and may 


be thus derived. 


73. Let ARB be the propoſed Curve, P the Point, 
or Center, to which its Ordinates are referred, NOL 
| the Evolute, 

and RO the 
Ray of Cur- 
vature at R: 
— Te let 
be n- 
dicular to RO; 
and, ſuppoſing 
the Ordinate 
PR ()) to be- 
come variable 
by the Motion 
of the Point 
R along the 
Curve, let the 
Fluxions of AR 
and PH (þ), 
expreſſing the 
Celerities of 
the Points R 
and H in Di- 
rections per- 
pendicular to 
RO * be de- 


noted by æ and 5 reſpectively. 
Therefore, 


and the Evolute of. Curves. | 81 


Therefore, the Celerities, of any two Pointe, in a 
Right · line revolving about a Center, being as the Diſ- 
tances from that Center, it follows that p : = :: OH: 
OR; whence by Diviſion (putting RH =») we have 


: v (RH) : RO E Bur- 


=») (by Art. 60.) and therefore RO = ——=- 


nh 
which, becauſey*—p* is =v* (and therefore yy—pf= 
vb) will alſo be = ===. 
The ſame otherwiſe. 


Let SRD be a Circle deſcribed about the Point O, 


as a Center, and ſuppoſe the Diſtance PR to be variable 
by the Motion 


of the Point R 
along the Arch 
of the Circle 
(inſtead of the 
Curve): Then, 
drawing OP, 
and putting OR 
=r,PR=97fc. 2 | 
as before, we 8 2:20) D 
ſhall get OP* 

(OR* + PR*—2O0R X RH) = H t ro; which 
(as well as 7) being a conſtant Quantity, its Fluxion 
2) — 2 muſt be equal to nothing; and therefore r = 


5 , the very ſame as above. Nor is it of any Con- 


— 
” _ —— 2 _ 7 = o - 5 21 * „ * — Ps 
> X 4 2 — . * _ * == on 22 — Py T 
nn” 8 = TIS. I £5 a — 5 - —_ 
Sn = - ISO = 
7 — 


HED: 
5. 
Ah > 4 — 
* 
— — — 
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ſequence whether j and © be here looked upon as reſpect- 
ing the Cirele, or the Curve; ſince, at R, they muſt be 
the ſame in both Caſes; other wiſe the Curvature could 

not be the ſame . Now from the Value of RO thus * Art. 68. 
found, which (corrected, when neceſſary) will alſo ex- 
preſs the Length of the Arch NO of the Evolute , 1 Art. 68. 
the Ordinate PO and the 38 OH of the Evolute 


may 
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may be ealily deduced. For OH (RO—RH) = 


_— — , and PO ( GH TPI. / — 


whence the Nature of the Evolute is known. 


4 EXAMPLE I. 
74. Let the given Curve AR be the logarithmic 


| | | Spiral, whoſe Nature is ſuch, that the Angle PRQ (or 


RPH) which the Ordinate makes with the Curve is 
every where the ſame. 
Then (denoting the Sine of that Angle by ö, and 


the Radius of the Tables by a) we have RH (v) =2 
and therefore RO (2) = + == which being 


to PR (y) in the conſtant Ratio of a to b, or of PR to 
RH, the Triangles ROP and RPH muſt therefore be 
ſimilar, and ſo the Angle POH, which the Ordinate 
PO makes with the Evolute, being every where equal 
to PRQ, will likewiſe: be invariable. Whence it ap- 
pears that the Evolute is alſo a logarithmic Spiral, 
ſimilar to the Involute ; and that a Right. ine drawn 
from the Center, perpendicular to the Ordinate, of any 
logarithmic Spiral, will paſs thro* the Centre of Cur- 


vature. 


EXAMPLE II. 
75. Let the Curve propoſed be the Spiral of Archimedes; 


* y* 
gs o 


(ſee Art. 62.) Therefore & = 25 X FFP n 
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—XwxyFA =P, S_= 

ö * + b4\® 

29Xy+bÞ —yy5 pb by 

. 2 Yo x 23 whence the Radius of 
VV 1 


2 


* 1 
8 nne which being A 73- 


— 4 
* 
when y=0, the Arch of the Evolute +, reckoned from Art. 68. 
VET] 

y*+ 26? " | 

Aſter the very ſame Manner you may proceed in other 


* Curvature 
the Vertex, is therefore = 


Caſes: But if the Value of v (or 2 changes, in any 


Caſe, from Poſitive to Negative, the Radius of Cur- 
vature (RO) after becoming infinite, will fall on the 
other Side of the Tangent, and the correſponding Point 
of the Curve, when v=0, will be a Point of Contrary - 
Flexure. Whence it may be obſerved that the Point 
of luflection, in a Curve whoſe Ordinates are referred 
to a Center, may be found by making the Fluxion of 
the Perpendicular, drawn from the Center to the Tan- 
gent, equal to Nothing, which Caſe is not taken Notice 
of in the preceding Section. | 


G 2 S EC- 


* 
* 
= | 
1 
4 'v 
: * 
{ 1 
5 
0 
k 
* 
ii 
i”. 
'Y 
*. 
Is 
159 
2 
13 
ls 
j 


— 


: * — — — — — — 
« * — * 2 * 


F wy _ . 2 1 © OE. 142 
c a erg en ere 1 RAS NCTY * 
£ vw - « 


=o 
—— ry * 


— pews 


. n — —— 
3 — —— a. 
- _ + = 


* 


8 
e en 


—— —„V 
. ——— 


7 N = . 
r 
— „ 7 . 1 32383 


r 


r 


— 


The Manner of finding FLuzNTS, 


SECTION VL 


Of the Inverſe Method, or the Manner of de- 
. fermining the Fluents of given Fluxions. 


76. IN the Inverſe Method, which teaches the Man- 
ner of finding the reſpective flowing Quanti- 
ties of given Fluxions, there will be no great Difficulty 
in conceiving the Reaſons, if what is already delivered 
in Sect. 1. on the direct Method, has been duly con- 
ſidered : Though the Difficulties that occur in this Part, 
upon another Account, are indeed vaſtly ſuperior. 
It is an eaſy Matter, or not impoſſible at moſt, to 


find the Fluxion of any flowing Quantity whatever; 


but in the Inverſe Method the Caſe is quite different: 
For, as there is no Method for deducing the Fluent 
from the Fluxion @ priori, by a direct Inveſtigation, fo 
it is impoſſible to lay down Rules for any other Forms 
of Fluxions, than thoſe particular ones which we know, 


from the direct Method, belong to ſuch and ſuch kinds of 


flowing Quantities, Thus, for Example, theFluent of 2xx 
is known to be x*, becauſe it is found in Art. 6. and 14. 
that 2xx is the Fluxion of x* : But the Fluent of yz is 
unknown, ſince no Expreſſion has been diſcovered that 
produces yx for its Fluxion. 

77. Now, as the principal Rule in the direct Method 
is that for the Fluxions of Powers, derived in Art. 8. 


(where it is proved that the Fluxion of & is, univer- 


ſally, expreſſed by na. ; ſo the moſt general 
Rule, that can be given in the Jnverſe Method, muſt 


be that ariſing from the converſe thereof; which ſhews 
how to aſſign the Fluent of any Power of a variable 
Quantity drawn into the Fluxion of the Root; and which, 
expreſſed in Words, will be as follows. 

Divide by the Fiuxion of the Root, add Unity to the 


Exponent of the Power, and divide by the Exponent ſo 
increaſed. 


For, 
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For, dividing the Fluxion nx 4 by & (the F luxion | | 
of the Root x) it becomes * ; and, adding 1 to 
the Exponent (1—1) we have ne; which, divided by 


u, gives &, the true Fluent of ax K, by Art. 8. 
Hence (by the ſame Rule) the 
Fluent of 3x*x will be = & 
922 
That of 8274 = 5 


6 


That of 2K = 7 3 


That of 57 ; 
; 8 


8 
bn. 2 = +x 2 
F f 
t of 32 „ AE 
That of y 3 = — 
| 7 
ax HS — 
| That of =, or ax” 2 2 ; 
* 7 1—5 


Vo —— 
And that of a + z Xz 42 — : 


For here the Root, or the Quantity under the general 


Index n, being a + z „ and its Fluxion 1 
(Art. 14.) we ſhall, by dividing by the laſt of theſe 


Quantities, have 4 2 3. whence, increaſing the 
85 Index 


86 


1 Art. 77. 
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Index by Unity, and dividing by (+1) the Index fo 
I n+1 


L * 
increaſed, there comes out 8 
m Xn+1 

After the very ſame Manner the Fluents of other 
Expreſſions may be deduced, when the Quantity, 
or Multiplicator, without the Vinculum is either 
equal, or in a conflant Ratio, to the Fluxion of the 
Quantity under the Vinculym ; As jn the Expreſſion 


a+) X a 3 where the Number of Dimenſions 
of z under the Vinculum (or general Index) being equal 
to thoſe of z without the Vinculum + 1, the Fluent 
may theretore be had, as in the preceding Examples ; 


d 
and will come out NE. And, that this (or 
_neXm+1 


any other Expreſſion derived in like Manner) is the true 
Fluent will evideatly appear, by ſuppoſing x equal to 


a+" the Quantity under the Vinculum; for then 
(equal Quantities having equal Fluxions) + will be 


m 
—1 


nz *; and conſequently az X as” 


nc 


ds 24 
(= X —/--q= — whoſe Fluent is therefore 


/ m+r 
vw 


4 CEA 


— += —— 4 ey; 
nc xm r ncXm+1 9 


78. In aſſigning the Fluents of given Fluxions there 
is another Particular that ought to be attended to, not 
yet taken notice of; and that is, whether the flowing 
Quantity, found by the common Rule, above deli- 
vercd, does not require the Addition or Subtraction of 
ſome conſtant Quantity to render it c.mplete. This 

| indeed 
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indeed can, only, be known from the Nature of the 

Problem under Conſideration ; but that ſuch an Addi- 

tion or Subtraction may, in ſome Caſes, become ne- 

ce is evident from the Subject itſelf; ſince a flow- 

ing Quantity increaſed, or decreaſed, by a conſtant 

Quantity, has ſtill the ſame Fluxion; and therefore the 

| Fluent of that Fluxion is as properly expreſſed by the 
whole compound Expreſſion, as by the variable Part of 


| it, alone : Thus, for Inſtance, the Fluent of =” £4 may 
be either repreſented by x or by x* = a, becauſe (a being 


conſtant) the Fluxion of à a, as well as of x", is 


Ld Wh 
nx * 


79. Hence it appears that it is the variable Part of 
a Fluent only which is aſſignable by the common Me- 
thod ; the conſtant Part (when ſuch becomes neceſſary) 
being to be aſcertained from the particular Nature of 
: the Problem, Now to do this, the beſt Way is to con- 
) ſider how much the variable Part of the Fluent, - firſt 
found, differs from the Truth, in that particular Cir- 
cumſtance when the required Quantity which the whole 
Fluent ought to expreſs, is equal to Nothing ; then 
that Difference, added to, or ſubtracted from, the ſaid 
variable Part, as occaſion requires, will give the Fluent 
truly corrected: For, ſince the Difference of two Quan- 
i tities lowing with the ſame Celerity (or having equal 


| 
1 
: 
o 
1 
ſy 
+ 
1 
b 
185 
* 
fo 
1 
io. 
1} 
"7 
* 
* 
5 
a1 
XN 
{/ 
BB 
* 
1 
* 7 
4 " : 
- 4 
1% 
*: i 
4 
, 
75 
* 
E 
52 
4 
| 
"x 
1 
_—. 
I 


a= 


TRE 1 


Fluxions) is either, Nothing at all, or conflantly the 12 
ſame, the Difference in that Circumſtance will like- " 
wiſe be the Difference in all other Circumſtances: And il 
therefore being added to the leſſer Quantity, or ſub- 3 
tracted from the greater, both become equal. 41 
80. To render what is above delivered as familiar as 1 
; may be, I ſhall put down a few Examples; in which . 
x the variable Quantities repreſented by x and y are ſup- a 1 
5 poſed to begin their Exiſtence together, or to be gene- 1 
p rated, at the ſame time. * 
4 84 1. Let 1 


D 


W 1 n 
V 20 D r "= 


a _ 
4 
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1. Let y = a*xx; then the Fluent, found as uſual, 
will be y =— 3 where taking y =o, — alſo va- 


niſhes, (becauſe then x=0 by Hypotheſis) ; Therefore 
the Fluent requires no Correction in this Caſe, 


3 EP 

2. Let j=a+sx X x Here we firſt have y = 
4 4 
a+ 


C25 ION 4 
3 but when y=0, then — becomes 
(ſince x by Hypotheſis is then = o:) Therefore 


4 


always exceeds y by - ; and ſo the Fluent pro- 


4 
3535 0: a 
perly corrected will be y= 9 


; 242 
= 43 PS Vo ca 
= Il 


x+ 
ax 7. 
But the very ſame Fluent may be otherwiſe found, 
without needing any Correction: For the given Equa- 
3 3 | 
tion ( 5 = a+) x3), by expanding Tx, is tranſ- 
formed to y=a*F+ 3a*xz+ 3ax*z+x3z ; whence y = 
3 XL & * 
a 7 the ſame as above. 
Hence it appears that the Fluent of an Expreſſion, 
found according to one Form, may require a ver 


different Correction from the Fluent of the ſame Fluxion 
found according to another Form. 


I 
3. Let 3 = a. N Xxx; then, firſt, y = — 


3 3 
3 _ 


becomes 


wr 
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— 


„ 


= — therefore — e. is too little by — 5 
5 3 3 
\ ; 3 
and ſo the Fluent corrected will be y = — 
= 
ou 
5 
4. Let = a Tr X x Here we firſt have y i 
n+1 
m. ml | 
x 8 3 and making y=0o, the latter Part of the 
mXn-+1I : 
„ Fe 
Equation becomes = z whence the 


| nXTI MI 
Equation, or Fluent, truly corrected is y = + 
nr | 


4 * Se 
nc 


5 
m „ 
5. Laſtly, let ) = 4 + by Tc X 


nber X Lux & then, in the firſt Place, we have y= 


7 8 7 
— which corrected, as above, becomes 
1 
a " nia 5 | 
_ab+bs® Te 8 
as D a 


81. Hitherto x and y ate both ſuppoſed equal to Nothing 
at the ſame time ; but that will not always be the Caſe 
in the Solution of Problems. Thus, for Inſtance, 
though the Sine and Tangent of an Arch are both equal 
to nothing when the Arch itſelf is equal to Nothing, yet 


the 


* 
* 
- 
8 | . 


90 
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the Secant is then equal to the Radius: It will be proper 
therefore to add an Example or two wherein the Value 
of y is equal. to Nothing, when that of x is equal to any 
given Quantity à. 

Let, then, the Equation j=x*# be firſl propoled ; 


3 
whereof the Fluent (firſt taken) is y = 7 3 but when 


3 
y=0, then ai —_ „ by Hypotheſis ; therefore the 
X3T-— 3 


Fluent, corrected, is y= on 


3 
"We. 


Again, let the propoſed Equation be 5 = — "x ; 


171 
then will y = — - = ; which corrected becomes y = 
n+7 a+x | 
a — 4 
n+1 
Laſtly, let j = C Xx#; then, firſt, y = 
phe ha. ; and, when y o and x =a, — 
36 36 
3 
| * | 
comes = —.— : therefore the Fluent corrected is 
3 
3+ bx? 1 


3 
82. All the Examples hitherto given relate to ſuch 
Fluxions as involve one variable Quantity only in each 


Term, whoſe Fluents are aſſignable from the Converſe 


of the firſt General Rule, in Section I. But, beſides theſe, 
various other Forms of Fluxions may be propoſed, in- 
volving two or more variable Quantities, whoſe Fluents 
may alſo be found by Help of the other two General 
Rules delivered in the ſame Section. 


4 


Thus 
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Thus the Fluent of yi xj is expreſſed by xy * 3 that »An. 10. 
OP wt 3 
* y 5 + ; that of az+xy+y# by Ann 


rt, 10. 
"i * 
and that of n ß TY -n v N 7 * — * by 
. 
m NX y x—ax 5 


1 85 : For, dividing (in the laſt Caſe) by 


the Fluxion of the Root — 7 which (by Art. * Art, 77. 


: ; 1—1 "_ {_ 1 

14 and 15) is n) j + y x—nax E, we firſt have 
5 INE 

0 | 


y x—ax ; whence, adding Unity to the Exponent 


45 and dividing by the Exponent fo increaſed, we get 


Bas" 22 
a n\” * * * 
F. OO for the true Flu- 


ent of the Quantity propoſed. But it ſeldom happens 
that theſe Kinds of Fluxions which involve two dif- 
ferent variable Quantities in one Term, and yet admit 
of known, or perfect, Fluents, are to be met with in 
Practice: I ſhall therefore take no further Notice of 
them in this Place (but refer the Reader to the ſecond 
Part of the Work) my Deſign here being to inſiſt only 
upon what is moſt general and uſeful in the Subject; 
which brings me to, further, conſider thoſe Forms of 
Fluxions, involving one variable Quantity only, that 
frequently occur in the Solution of -Problems, whoſe 
Fluents may (after proper Transformation) be found, 


by the Rule already delivered in Arr. 77. 


83. It 


.92 


„ Art, 8. 


1 
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83. It has been already hinted, that if a Fluxion of 


m 
the Binomial Kind, as a+ i: Xdz E, has the In- 
dex (- 1) of the variable Quantity (z) without the 
Vinculum +1, equal to (n) the Index of the ſame Quan- 
tity under the Vinculum, the Fluent thereof may be then 
truly found by the forementioned Rule. But the ſame 
Obſervation may be farther extended to thoſe Caſes 
where the Index without the Vinculum increaſed by Unity 
is equal to any Multiple of that under the Vinculum ; as 


m — 


is n) ibm] n 
in the Expreſſions, a TC Xdz , a+ X 


5 
4 . a + * * he Sc. Whoſe Fluents are 
thus determined. | 
Put ac x, then will 9 2 —— and x 2 
= — and therefore 2 2 = wy X — = 
c 2 7 uc 
| m 


3 whence by Subſtitution we get a + cz X 


7 as 3 | 
ET 8 —— X x 


nc* nc* 


| a 
Whoſe Fluent (by Art. 77) is therefore = — X 


3 


m2 mtx 


* ax 


c, I 
TIT r „ by reſtoring the Value of x, 


r 5 „ 
A cz 2 
ecomes — —ͤ—ũ—I6—— — — — — 

b nc * m2 m1 


aX 
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2g m+1 L 
my 3 e : 
, az a — dXatcz 
- — — > "IM 
nc m2 m1 nc 2 
* a * 
m42 m+2Xm+1; the true Fluent of ae x 
22—1 
az To 


Mm 
3f—T 5 


i a 1 
Again; for the Fluent of a c dx æ be- 


nd * o XK—q — 
* ie and z = , we have 2 © 


fie] , XxX —2axx+a*x 
(= 2 Xz :) 2 = + . 


cauſe 2 


— 
x2 * — 


Wo 


Whence, a+cz" being = , we get a E X 


FS 1 41 ** — 24XxX + a FRE 4 
55 nc3 „„ 


mea m1 m : 
x ax—2ax =X a x; whoſe Fluent is there- 


m3 m2 ; mtr ; 


— — 1 T 
7 m 12 2a + 4 = iXaben? 5 
nw * z fa Af 

i Ss Dice” th 


1 2 
2 24% 24 i 


m+3 © —— FN 


Uni- 


93 


c rene 
/ * 
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Unmnverſally, let r denote any whole poſitive Number 


Sw—_—_— 
whatever, and let the Fluent of a+ * N be 


required; then, by putting abc =x, and proceed- 
ing as above, our propoſed Fluxion is transformed to 


di 6 
— X #—a 
ny 


711 


3 which, expanding H—_ 


(by the Binomial Theorem ) becomes 2 * 
| | | 5 


* 
1 


"fri - — 8 mHr—2 — 5 — mr.: 
| 2 


1822 


X Xx 
mtr 


c. whoſe Fluent is therefore = 


| — m7 
r- I Xax _ + r—I1Xr—2 Xa'x 
W 2X mr —2 


Sc. = 


— 


m1 rol 2Þ —— fan — — — 
ax x r—1 X ax HX —2X a*x 


* fr —mr—1 2Xm+r—2 
Sc. 


tiplicators I, 1— 1, r—1Xr—2, 7—IXr—2Xr—3, &c, 
will therefore become equal to Nothing, after the r firſt 
terms ; and fo, the Series terminating, the Fluent itſelf 
will be truly exhibited in that Number of Terms : Ex- 
cept when mr is likewiſe a whole poſitive Number, 
leſs than 7; in which Circumſtance the Diviſors mr, 
mar-, mpr—2, &c. becoming equal to Nothing, 
defore the Multiplicators, the correſponding Terms of 


the Series will be infinite. And in that Caſe the Fluent. 


is faid to fail, ſince Nothing can then be determined 
from it. why 


83. Be- 
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84. Beſides the foregoing, there is another Way of 
x ” 71—1 | 
deriving the Fluent of a 4 X dz , in Terms 
of the original flowing Quantity z; which will afford a 
Theorem more commodious for Practice than that above 


given : The Method of Inveſtigation is thus. 
111 | 


Let d xa cz „A — Bd” +0? 2 + De” | 


&c, (where p, v, A, B, C, &c, denote unknown, but 
determinate, Quantities) be aſſumed for the Fluent 
ſought : Then by taking the Fluxion of the Quantity ſo 
aſſumed we ſhall have 


— lt 


— * A p—2v 
den Xm+1 „2 TK Lc XA TBZ +Cz — 


m+Þ1 


— — 


Db Cc. þ+dXabiz NH 2 + = X 


2 


1 . 
equal to the given Fluxion, a+cz Xdz 8. and 
m 


* — 
the whole Equation divided by a +:z Xdz =, there 


comes out 


Tenn T X XA ＋B2 TC p &c. 


babes XA +p—oXxBd "+þ—3vX Caf” &c, 
Whence, by collecting the Coefficients of the like 
Powers of z, we have 


* =! 
＋ 


— * CP, * S—oXaBZ 5 


Where, comparing pu and rn, the two greateſt Ex- 


ponents of z, we find p=rn—n=r7—1Xn ; and by com- 
paring the two next inferior Exponents pn d, and p, we 
| likewiſe 


95 


EE LFE 2 G. which being put . b. a 


rs 


— 2 


Pt —2 


5 1 — 9 5 
8. 42 r ee 22 


8 
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likewiſe get vn; which Values being ſubſtituted above, 
our Equation is reduced to c 


Gxacha"+RÞr—i X nBe "4 mFr—aXacCs e 


220 
1 3 ru-a2n 
— + in T Nn = 


Where, putting rt, and comparing the Coeffi- 
cients of the homologous Terms“, we have A = 


I r—IXaA iK _ 

— B=—=————— = — . = — 

= $—1Xc x iK“ 

7—2XaB wy 7—IXr—2Xa* 3 X aC 

$—2Xe Nix IN 

— ., Sc. Cc. 
$X5—1I X5—2X5—JXnc* 

which Values, with thoſe of p and v, being 1 

mtr 


in the aſſumed Fluent, it becomes dxa ex X 


— — 


11-37 
3 ix a⁊ iN HAN aft 
ne. NIN NIX Nn 
2 1u— 21 

d Xaches © =  1—1Xaz 

Ce. + 0. 3 T 
SNC I S$S—I Xc 
— — 1—3 | 
15—IXr—2Xa*z 
— Sc. the true Fluent of 

$—1 Xs5—2 XC 
m+1 


a+ NX &* 6 which was to be determined: 
Which, Fluent therefore, when r is a whole poſitive 
Number, will always terminate in as many Terms as 
are expreſſed by that Number; except in that particular 
Caſe, ſpecified in the laſt Article. Thus, 2 
. 0 

* Vid. p. 181 of my Treatiſe of Algebra. | 


- 
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the given Fluxion be a+:z" dd, ; then, 5 
(m+r) being =m+2, the Fluent itſelf will become 


— —＋ hls — 7z#tr 
J d Xaþcz : Wi 2M | = {XaTcs 2 
KT 2 OY I MIX we py ? 

: | fs | 4 IP | | 

: = BY == which is ena the ſame with 

the firſt of thoſe found in Art. 8 3. by a different Method. 

Z The like Agreement will likewiſe be found, when r 

- is = 3: But when 1, either denotes a broken, or 4 


negative, Number, the Series for the Fluent will then 
run on to Infinity ; becauſe no one of the Multiplicators 
11, —2;, —3, 74, Cc. can in that Cale be 


| equal to Nothing: 
d 85. The foregoing Fluent, it may be obſerved, was 
411 x 5:59 
| ; — | {= Ea 
found by aſſuming dea cz xAz*+Bz + Cz 
. Sc. and comparing the two greateſt Exponents, of 


the Equation thence reſulting: But if, inſtead of 
4 * c e. an aſcending Series, 2s Ax +x 


+ 
Beth Caf: We. (where the Exponents of z con- 


- tinually increaſe) be taken, and the two leaſt Indices 
of z in the Equation (in like Manner reſulting) be 
compared together, the fame Fluent will be had ac- 
cording to a different Form, which will be of good Uſe 
in many Caſes, when the foregoing fails, or runs out into 
an Infinite Series. | 


Thus, if p, p+2v, Cc. be wrote in the Room 


d: of p—v, p—2v, &c. reſpectively, in the firſt Equation 
ive of the laſt Article, it will appear that N 
as 25 | 25 

lar 


or H + 


98 
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| = 2" 
TT NA +pFuxB2* Ta * 8 1 


Which Equation may be reduced to 


pT +jFoxaBd? *+p+ NAC oe, 


X1 


— 2. <2 LAS ah = 
Fi ele + een 5 y 


+p+v Sc. 
Where, by comparing the two leaſt Exponents, Oc. p 
* : 1 
will be found = rn, v=nz * * — 
PAXAR nt r+mÞ+ 1XncA 2 
PD . 

c fh = 
rXr+1Xna pþ+2vXa 
r+m+2XncB __ 74m 1Xr + m2 Nc. 

xm mori oO 


Therefore, denoting rm by s (as above) the Fluent of 
m 


os oro rn], . 
ab} Xx dz E, will (alſo) be truly repreſented by 


mir rn — ratn 
„ s  _  . 4X 


| . x — — | 
dXap cs | rn rxrTIX nat 


$ * xc * n 
5 ＋1 5 ＋2 3 n 14 ＋ X dz” 
S rrixrHXna- rna 5 


PIXLT INN 


eee eee 


Which Series will terminate when s (or rn) is 2 


whole negative Number; and therefore in all ſuch Caſes 


the 


2 
es 
he 
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the Fluent is exactly determined; provided r be not 
alſo a negative Integer leſs than 5; for in this parti- 


cular Circumſtance the Fluent fails, the Diviſor firſt be- 


coming equal to Nothing. Vid. Art. 8 3. 
The Uſe of the two foregoing general Expreſfions, 


for the Fluent of a+cz al X ds 's, will appear 


from the following Examples. 
EXAMPLE l. 
bx 
86. Let it be required to find the Fluent f= aft - 
5 


By comparing the Fluxion here propoſed with 
wy 


ac * we have 4=a, =1, zx, n=I, 
m=—;, d=b, rn—1 (or r—1) ; whence r, 
and 5 (r+m) Si; whereof the former being a whole 
poſitive Number, let theleV alues be therefore 2 in 


8 
—̃ —-⅜ —_ — — — "I 


m+1 
We hg, — r:— 


— 
—— 


nc $— 1 Xc © 


e 2 2 | 
7—1Xr—2X4*%z , nd the firſt of the two ge · 
$—1X5—2X* | 


neral Expreſſions for the Fluent, and it will become 


N „ N 
V 9 


Quantity ſought in this Caſe. 


H 2 X- 
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EXAMPLE ll. 


87. Let the Fluxion propoſed be 


at fx" : X bx is 
Here, by proceeding as above, we have a=a, — 
z =, Mn, Mz — f, d=b, 3, and s (r+m) = 
2: Whence, by ſubſtituting theſe ſeveral Values in 
— 2 
the ſame gener! Expreſſion, we get bXa fx” X 
2 1 


45 20x 2a* 2 — 
„ 
6/*x*n—Baf xn + 1 6a* | 

15 8 


rinnt 


88. Mperein the Quantity propoſed is — , or 
y | 


/ 
YYY. 
Here we have a=g", c=21, Ay, n=2, I, 
— 


2 


d=1, 1u—1 (or 2r—1) =—6; whencer (= 


=—>, and s (r+m) = —2; whereof the lat 


ter being a whole Negative Number, let the ſeveral 
Values here exhibited be therefore ſubſtituted Fi 
2 a 


r OE OO TS Ee NENT CCC 
: : — —— - — - " = = —— 


4 


1 
Fi 

| 
| 
it | 
114 
i 
| 
| 
"ut 
I | 
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— — 


| na a r+1Xa : ro+þ 1X7 +2Xa* 
c.) the latter of the two general Expreſſions above 


— 
£7) X y* K 


W 


ü m1 — 
(D xX T T 


derived, and it will become £ 


— 3 k 
i DH gfx IS 
K => e the true Flyent 


required, 


EXAMPLE Iv. 
r 
89. Taſtiy, let the given Fluxion be a—fz X 


SE 
p 2 = x fag: 


Then, à being , (= - , d=, r =, 
2 


and the reſt as in the general F luxion aÞ cz ** 


121. 


dz s; we ſhall, by ſubſtituting in the ſecond 
Form (becauſe 5 is here equal to (—3) a whole ne- 


aM K fs 5 7. — 


gative Number) have — XI——= 
—2X — I X f*224 — fn oy 
— — ee 
—4Xx — 24 „ 15a 
EAT we a—fzn xr tae 2 . 
10S 


9o. Having inſiſted largely on the Manner of finding 
ſuch Fluents as can be truly exhibited in Algebraic 
Terms; it remains now — ſay ſomething with regard 

| 3 to 


— 
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to thoſe other Forms of Expreſſions, involving one vi- 
riable Quantity only, which, yet, are ſo affected by 


compound Diviſors and radical Quantities, that their 


Fluents cannot be accurately determined by any Method 
whatſoever 3 of which there are innumerable Kinds: 
But .there is one general Method whereby the Fluents 
of ſuch Expreſſions are approximated, to any aſſigned 
Degree of Exactneſs; namely, the Method of Infinite 
Series; which it will, therefore, be neceſſary to ex- 
plain; ſo far as relates to the Manner of expounding 
the Value of any compound FraQtion, or ſurd Quan- 
tity, by Help of ſuch a Series. 


EXAMPLE I. 
91. Let, then, the Fraction — be, firſt, given; to be 
-converted into an Infinite Series, 


Divide the Numerator ax by the Denominator , 
as is taught in Compound Diviſion of common Algebra; 


then the Operation will ſtand as follows; 


„ 
a E 7 7 e. 


ax - K&N 
— 
+xx 
+xx — — 
x3 
66 TS 
x3 x+ 
a _ & 
x+ 
Tz 


* 
1 * 
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2 3 ** 
Where the Quotient, or Series x+ _ += + =+ 


1 | 
= +5; &. infinitely continued, is taken to expound 


ax 


che Value of the propoſed Fraction ——. 
92. But, though the Series thus ariſing ought to be 


carry'd on to an Infinity of Terms. to. have the true 
Value of the Quantity firſt propoſed; or, though the 
Quotient, continued to ever ſo great a Number of 
Terms, will be fi! ſomething defective of the Truth; 
yet, if the Value of the Quantity (x) in the Numerator 
* ſmall in Compariſon of the Quantity (a) in the 
Denominator, the Remainder, after a few Terms in 
the Quotient, will become ſo exceeding ſmall, as to be 
neglected without any conſiderable Error; and then 
the Value of the hole, or of the Quantity firſt pro- 
poſed, will be, very nearly, exhibited, by taking a 
ſmall Number of the leading Terms only. 

Thus, for Inſtance, let the Value of @ be expounded 
by 10, and that of x by Unity ; then the Remainder 


103 


TEE | 
(= after the two firſt Terms of the Quotient, being 


=—, this Value, divided by the given Divifor 


(4—x=) 9, will therefore give _ =0,01111111,0&c. 


for the DefeRt, by taking the two firſt Terms only: 
But, if the three Terms be taken, the Defe& will 
be ill leſs conſiderable; amounting to no more than 


* 
goo? or 0,00111111 Ce. 


This may likewiſe be made to appear, without any 
regard to the Remainder, by collecting into one Sum, 
the Values of all the Terms to be taken: For, if only 
the firſt two (x + 7 be propoſed, their dum will be 


H 4 = 
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=@7,13 which, deduced from the true Value of the 
ax 10 


given Fraction = i- nun &c. the 


Difference will come out 0,01, the very ſame as be- 
ore. 
4 Thus, alſo, by collecting the Sum of the three, four 
and five, &c. firſt Terms of the Series, you will have 
1,11; 1,111; and 1,1111 Cc. which, being ſuc- 
ceflively deducted from 1, 11111111 Cc. (as above) 
there will* remain o, o 1111 Cc. o, oo01 111 Ec. 
©,00001111 & for the Errors or Defects in thoſe 
Caſes TeſpeQtive! , | 5 . 
93. From what has been ſaid in the preceding Ar- 
ticle it appears, that Infinite Serieſes, in Algebra (ac- 
cording to a common Obſervation) are ſimilar to, or 
correſpond with, Decimal Fradtions in common Arith- 
metick: For, as a Decimal Fraftion may be carry'd on 
to any propoſed Number of Places, however great, 
and yet never amount to a Quantity, which but a very 
little exceeds the Value of the three or four firſt Places ; 
ſo a Series may be infinite with regard to the Number 
of its Terms, and yet a few of the leading Terms only, 
may be ſufficient to expreſs the Value of the II Hole, 
very nearly : Provided, always, that the Series has a 
| ſufficient Rate of Convergency, or that its Terms de- 
creaſe in 'a pretty large Proportion : For, otherwiſe, 
even, a great Number of 'Terms may be uſed to little 
| * 


Purpoſe: Thus, in the foregoing Series, 1 + — + 


x3 ö T | 5 4 
7 Cc if x be taken g, no Number of Terms will 
be ſufficient to exhibit the Value of the correſponding 


? ax . # $2 F : 5 
F raction i being infinite in that Circumſtance. 


94. Having endeavoured to ſhew, that the true Va- 
lue of an infinite Series may be nearly obtained by ad- 
ding together a few of the firſt Terms only, I ſhall 
how proceed to give other Examples cf the Manner of 

S abt capa noan aaa 9 


Me Manner of finding PlVrxxrs. 


converting fractional, and ſurd, Quantities into ſuch 


Kinds of Seriefes, in order to the Approximation of the 
F lyenſs of Expreſſions affected by them. 


EX AMP L E II. 
Let the Nuntity propoſed be the Fraftiom ———— 
then, by proceeding ay in the firſt Example, you will 


have 


8c * 


22 35 
. 7. 
2 
̃ —29—p* WE 
| 2 2y3 
i ogg 8 


2 


7 +- * ＋ 2 2 &c, 

Where, from a few of the ff Terms of the Qua- 
tient, the Law of Continuation is manifeſt; the Nu- 
merators being in Arithmetical Progreſſion ; ; and the 
Signs, * and —, alternately. | F 


EXAMPLE III. 


EEE 
95. Let the Quantity given be Ir 


Then the Quotient will be SY 3 T4 5 


gx5+-14x* &c. where the Law of Continuation is ma- 


nifeſt ; being ſuch that the Coefficient of each ſuc- 


ceeding Term is equal to the Sum of thoſe of the two 
Terms immediately preceding i it. 


* 


E X- 


S 


10g 
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EXAMPLE IV. 


96. Let the Radical Quantity Ve Fr be propoſed. 


Here, according to the common Method of ex- 
tracting the Square Root, the Proceſs will ſtand as 


follows: 
** ** x* x+ | 
| 1 . 
26+ E aa xx ( — & 
aa 
Tx 
xv 
r 
) — ; — 
& * 
— 4⁴² 
r ĩ * xs xd 


* 


s x* 
oy Ba — Gant Sc. Ec. 


97. The Law of Continuation in Serieſes, thus ariſing, 
from radical Quantities, is not eaſily diſcovered : But, 
if you would carry on the Series to any propoſed Num- 
ber of Terms, the Work will be a good deal ſhortned, 
by dividing the Remainder by the Diviſor, when half 
that Number of Terms is found (as in common Di- 
viſion) and obſerying, at the ſame time, to neglect all 
ſuch Terms whoſe Indices would exceed the greateſt, or 
the greateſt Plus the common Difference, in the ſaid 
Remainder, according as the whole Number of Terms 
propoſed to be found is odd, or even. S 

Thus, if it were propoſed to continue the foregoing 


> | 
— 37 to 6 Terms, then the Diviſor 


6 
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17 


{or double Quotient) being 20 + , and the 


© 443? 
6 x3 


he x 
Remainder 5—= — Gan (as appears from the laſt Ar- 
ticle) the reſt of the Operation will ſtand thus ; 


, of a: 
245+ " 250 Gans oT 1287 T 25000 
„% .. 
der rege 4a 
1 pw x72 
Cans T gat 
$55 338 
6445 1284 
— —— — FJ? 
73 
T7 2807 


Which three Terms thus found being added to thoſe 


„ 
found above, we have a 7 >" = 
5* 7 * 


72857 + 25055 for the 6 firſt Terms of an infinite 


Series exhibiting the Value of Vas. 

98. Another Way of reſolving any radical Quantity, 
is to aſſume a Series (with unknown Coefficients) for 
the Value thereof; and then the Series ſo aſſumed being 
raiſed to the ſecond, third, or fout᷑ th Power, Sc. ac- 
cording as the Root to be extracted is a ſquare, cubic, 
or biquadratic one, &c. an Equation will be obtained 
(free from Surds) from whence, by comparing the ho- 


mologous Terms, the aſſumed Coefficients, and con- 


ſeguently the Series ſought, will be determined]; as in 


* 


EX. 


\ 


10 


— 
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EXAMPLE V. 
Where it is propoſed to extract the Square Root of 
a T in an Infinite Series. ; 


In which Caſe, aſſuming A+Bx*"+Cx*+Dx® + 


+ E Ec. for the required Series, and taking the 
Square thereof, we have 
NM" 


A. TAB So” Laab. Take c. > 
＋B-* | +2BCz” One's c. * 
+ c. 9 
and conſequently 5 Fr 
20 4 65 Zu 
A* +2ABx +2ACx 8 58 N Ce. 
* * 5 BI . LzBC & an- Ee. ll 
+ Cx Ke ) 


Therefore 8 =0, 2AB—1=0, 2AC+B*=o, 
2AD+2BC=0, 2AE+2BD+C*=0o, * c. From 


which we get Aa" 1 = * 


B BC? . 
| 2BD+C*\-_ _ 5 X Y 
: (= — —y = — 128475 Sc. whence we have 


A+Bx*"+ Cx D .“ Gr. * VI = 


Vid. p. 181-of my Treatiſe of Algebra. 
+ 
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1 62 87 ; 
+ —— Se. Which Se- 
24 8a 16a³⁰ 12840 . 
ries, if n be expounded by Unity, will become a + 
2 x+ ] 
—— 7 Et. the very ſame with that in the pre- 


ceding Article found by the common Method. 


EXAMPLE VI. 


ab) 


99. Let it be required to reſolve into an 


Infinite Series, 


Here, by aſſuming AB. + Cx*"+Dz®" &c, and 
cubing the ſame, &c. we have 


AAB TAC. ＋ A- Dx" + G. , 
- +3ABz" +6ABCs*"+ wi. =0 
4 B52 + Sc. 
Therefore A = 4 B (= 350 =; C . — 
ee B _ 5b 
ZA* 8147 


7 = 2, 
and conſequently, a+ b (=A+Bx +Cx +&c.) 
+ bs: Pg: 5b 1 


=) 52 9 1 
A 7 


And, in the ſame Manner, may the Root of any 
other Quantity be extracted: But as the celebrated Bi- 
nomial Theorem, diſcovered by the illuſtrious Sir Iſaac 
Newton, is vaſtly more eaſy and expeditious, in raiſing 
Powers and extracting Roots than that, or any other, 

Method, I ſhall now explain the Uſes thereof; _ 
| kr 
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firſt of all, it may not be amiſs to ſhew how the Theo- 


rem irſelf; from the Principles of Fluxions, may be de- 
rived. 


Le, then, 1+y be a Binomial whoſe firſt Term. i is 
Unity, and its ſecond Term any propoſed Quantity y; 
and let the n to be expanded or thrown into a 


Series be 1 3, ; where the Exponent v is ſuppoſed to 
denote any Number whatever, whole or broken, po- 
fitive or negative. 


Now it is evident that the firſt Term of the required 
Series muſt be Unity; becauſe when y is =o, the other 


Terms all vaniſh; and, in that Caſe, i is equal to 


Unity. Let, therefore, 1+ Ay" + By" 407 + D 
Sc. be aſſumed to expreſs the true Value of the ſaid 


Series, . which is the ſame, let 


2 =1+Ay" — By + Cf + Dy? Sc. where 
A, B, C, D, Sc. m, n, p, 9, &c: ns unknown, but 
determinate Quantities : ; 


Then, by taking the Fluxion of the whole Equation, 
(foppoling y variable) we ſhall have vjX 1+ op S 


my" + njBy + p30 DT We, 
Whence, multiply ing the Sides of the two Equations, 
—1 


croſs- wiſe, and dividing by y X1+z) , there comes 


out 1+yxmAy"'+nBy ＋ 0) ＋ D/ &c. 
—=v+vAy" +vBy" CF +vDy? Sc. which, by Re- 


duction, is 


e er D Ee. 


* TA +1B +pCf Ce. f =9 


— QQ —vBY — Sc. 


| Now, 


F 
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Now, ſince we are at Liberty to take the Exponents 


of y what we will, ſo as to anſwer the Conditions of 
the Equation, or ſo that all the Terms here put down 
may mutually deftroy each other; let them, there- 
fore be ſo taken that the Terms themſelves may be 
homologous, that is, let -—1=0, x—1=m, p—1=r, 
gq—1=þp Cc. Then, m being =1, n=2, pg, q=4z 
c. if theſe ſeveral Values be ſubſtituted above, the 
Equation itſelf will become | 
A+2By+3Cy*+4Dy*+ Ne. 
* +Ay. +2By*+3C3* HQ. C o 
—v—vAy—vBy*—vCy Oc. 
Where, taking A—v=0o, 2B+A—vA=o, 3C+2B— 
vB=0, 4D+3C—vC=o, c. ſo that every Column 


of homologous Terms (and, conſequently, the whale 


Expreſſion) may vaniſh, we alſo get A=v; B (= 


vA—A __AXuw—r, _ vXv—r  vB—2B 
F )= 1 DT oo 
ES) er xp, din Exc 
=) ox XD; D (= cv 
. N * 2 * . Ec. Ec. 


Whence, by writing theſe Values, with thoſe of m, # 
5, 9, Ec. in the Series 14+ Ay” +By” +Cy? &c, firlt 


aſſumed, we, at length, find I =1+ vy+ — X 
U—— * 1 9—2 V 9—1 

cc 
= x Ayr &c. which wa to be- invefli- 


3 4 
gated. 


From the Series here brought out, any Power or 
Root, of any other compound Quantity, whether Bi- 
nomial, Trinomial, &c. is cafily deduced: For, if p 


be put to repreſent the firſt Term of any ſuch Quan- 


tity, and Q the Quotient of the reſt of the Terms — 
vid 
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vided by the firſt ; then the Quantity itſelf will be ex- 


preſſed by P+PQ, or A1 1+Q, and the v r 


thereof by * xIF@, which therefore is equal to 


= v—2 


XQ = * b * 


Q+? XIE x x &e, 4 by what is 


| juſt now CW; 


But when v is a Fraction, as in the Notation of 
Roots, the Theorem here given will be render'd ſome- 
what more commodious ſor Practice; if, inſtead of v, 


a Fraction as — be ſubſtituted ; by which. Wann! it will 


— 


97 15 m e 


became Pe 7 KITO =P* X 1+ 20 ” * 


. 
"OY 
— 


M— m 5 M—2N m mn 


+ Dx n = OX 


— 7 — 2 


55 Q+ + &c. whoſe Uſe, in converting 


radical Quinte into Infinite Serieſes will appear from 
the following Examples. | 


EXAMPLE VIL 
oo. Whurein it is propoſed to extract the Square Root 
of a*+x*, in an Infinite Series. 
. 
Here the err to be expanded being = r, or 
1 — 
+5 by comparing it with the n Form, 
72 E „„ 
P * Xi+Q)” , we have P=a*, Q= — u 1, 


and 
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and n=2: Whence, by ſubſtituting theſe Values in the 
laſt general Equation, we get 


——aE 97-1 * Tt ** 3 
4 T* '=aX1+3X EX IX = TIN 


7 — 2 


** TIXAX NX NXT Cc. 4 ＋ — 
* * BE. ; - 5 
— x 131 Sc. Which Series agrees 


exactly with thoſe found in Art. 97. and 98. by different 
Methods. | 


- 


EXAMPLE VII. 


101. Let it be required to extract the Cube- Root of 
 b3—93, in an Infinite Series. 


Here by comparing 635! X 1— 1 | = b3—z3) ) 
mM m - 
Lou 3 


with P" X TFQ”, it will be PB, Qz=—! 


77 


Wi and n=3: Therefore, by Subflitution, we get 


. 1 
A. < CO TO OO NN; 
FR (=bX1 = => 1+{X—7; +xX 


6 | 419 
STT NAX TIN A XX 


8 5 10 * 


** X55, - Wc, = —= — 1 — 
c. 


* 9 815⁵— 2436¹⁴ 


E X- 
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EXAMPLE IX. 


102. Let the Quantity to be converted into an Infinite 
0 ; a 
Series be . 
: V ax—xx 


In this Caſe he 4 Quantity 2 firſt transformed 


— — 
to 2 3 25 1— , afterwards com- 


— — * DE 
— TO TET SOS 
— 
11 — ̃ Tal: 2 


ry ” As a > — 2 — > 
"FW" 2 888 ES 2 —— - - 0 
P 
— — — — * © SIS. Sie eo 3 


om 


4 


pared with TO, we have Q = _ „ M —T, 


— E 


* 
„ And and therefore 1— (Si Q 2 1＋ 


mM mM M—2 
5 


AX 


„ : 9 * 
"+ * „ * C. =1 ny, of _ 8 


2 x3 
855 T 7607 1555 6a3 7 175 + &c. Which therefore, mul- 


tiplied by = — 5 gives = 


az 3 S 


1 ＋ 255 — 44 1 1642 ＋ 


35 3 
wes "0 + Ec. = ==> the Quantity pro- 


poſed. 


103. It may not be improper to obſerve here, that, 
when both the Perms of the propoſed Quantity are af- 
firma: ive, and its Exponent alſo affirmative and leſs 
than Unity, the two firſt Terms of the equal Series 
will be poſitive, and the reſt negative and poſitive, al- 

ternately; but it only the firſt Term of the Binomial 
be affirmative, all the Terms of the Series, after the 
firſt, will be negative: Moreover, if the Exponent x 

the 
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the given Quantity be negative, and both the Terms 
affirmative, the Signs will change alternately ; but if 
only the firſt be affirmative, all the Terms of the equal 
Series will be poſitive. 95 


EXAMPLE X. 
104. Let the Quantity propoſed be the Trinomial 
. : ROE 
e 
Here, by dividing the reſt of the Terms by the firſt, 
&c. our given Quantity is reduced to * * 
TL 


1+ 2x + IN. Therefore, in this Caſe P=x3, Q= 
2xÞ+3x*, m=1, and n = 3: Whence (by Subſtitu- 


tion) x3 ＋ 2x+*+ gx '=x X 1+EX 2x+3x*\+ EX 


— — —— — 


0 „ ; 3 
* 320) +4 X=}X-3 IN Ge, = 


8 re ee 
x 14 = ** 24 ＋ 3 eee, Jx 


9 81 Se. 
Which, reduced to ſimple Terms, is = x + * — 
9 81 


105. When the propoſed Expreſſion conſiſts of a ra- 
tional, multiply'd by an irrational, Quantity, the Series 
anſwering to the irrational one muſt be firſt found, and 
afterwards multiply'd by the rational Quantity: But, if 
two, or more, compound irrational Quantities are to be 
drawn into each other, then take the Series anſwering 
to each Quantity, ſeparately, and multiply them toge- 
ther; obſerving, always, to neglect all ſuch Terms 
whoſe Indices would exceed that of the laſt, or higheſt, 

I 2 Term, 


11 5 


— ——— et x ec 


_ — 2 — * . . — 
—— — — — — — > __ — — — == —— = _ 
- — ———— er n — — — IL 832 
— — —— * Io. — . 2 2 8 * - _ — are mw » ENTRE — — — *.— 
COINS ono %ãÄ tn, are 2M a © SE 2 — — . > > - « _ 
y EC — — „ ES RY — : 221 2 * «4 \ 
* A — * r — — Paw... c < ets - uy 4 — <-_ — 1 —— 
1 7 3 - 4 * "I - * > 
— I — 9 Ee We 2 — WR". 7 22 9 a 5 — ae - — * 2 * 
— — 2 2 . : be ——_— or * 7 


— 
r 
— r 
2 _ — 

— - + „ = + EIT 
Ba — s — 


1 
1 8 
| "== 
1 
ig 
" 1 
1 
1 
4D x „ 
\ o * 
. 
\ \ " 
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Term, which the Series ! is propoſed to be con- 
1 to. 


E X AM p L. E XI. 
| x : 
106. Let the Quantity propoſed be IT X I- 


1 "(a * 0 2 
Firſt we have I— 5 21 — 5 2 = — 
10 10 X 20 


*% 


X 19x3 X 19X 29x* : 
——— le. — — &c. Which, mul- 


0X 20& 38 LOX20X30OX40 


tiply'd by 1+x, produces 1+ x X iI = 1 + 
gr 2947 9-49x3 9-19. 6gx+ 


— — — — — . * 21 
: 10 10.20 10. 20. 30 10. 20. 30.40 * T 


| abi ot EN ink WP © edt 
10 200 20⁰ © Boooo © 


— Oe. 


EXAMPLE XN. 
107. There the Quantity to be expreſſed in an Infinite 


: ö — 2 | ' 1 | — 2 a 
Series 15 : or — * Ne (bn « 
(> mms 27 : 


_— . =p 


= N 
1 7 
1+14X—E +1 x | L 
* 44 x5 
+ Oc. —" 24 bn 160 Sc. 
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Fs. . 


5 WN 
And 2 - * "(= 9 — = c N 


— pr? . 1 
NN Se. 


2 32 * 
1 2+ 2 &c, Whence, multiplying theſe 


263 16c! 
two Values, one by the other, we get 


—_þ — —— Xx X 


8 8e“ Ac — . 


1067 16 10 1 = X x + &c. for 
the four firſt Terms of the Series ſought. 


EXAMPLE XIII. 


108, Let the Quantity to be —_ { be the Multinomial, 


122 Pran PI * 
or Infinite Series, x Chak 8 3 Fer er.; 


whoſe Exponent v denotes any Number whatever, whole 


er broken, poſitive or negative. 


Here, dividing by the firſt Term, the given Quantity - 


transformed to af" 7 TI +c,? e 
which, if ax” "$646" Nc. be put , will become 
* 1+ s ; Which laſt Expreſſicn (b Art. 99.) is = 


1 PTY | 
X 1419+ © ANN 


9 —＋ Xy*Þ c. Whence (for Brevity ſake) putting Au, 


B== Xx , Cx -X TN > D==x 
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The Manner of finding FLUENTS! 


3 X—=, Se. and ſubſtituting for y, there 


2 3 
| " n n . 
comes out of + af * ＋ bx his TEN eg. = 
+ 
of” Aa + AF + Ba? Ab + Bot X * 2 


ATZ BAC *3" NA ac B 2þ+-Dast 


K LAT „„ 


EXAMPLE ' XIV. 


109. To extract the Square Root of a*—x*, and from 


thence to determine the Fluent of Ma -, in an 
Infinite Series, 


By proceeding as in the foregoing Examples, the Value 
of Hax in an Infinite Series will be found to be a— 


act a+ x* 198 ag 


—_ 23 Sc. Which multi- 
| „ 
ply'd by & gives x Va- * C d * 
63 8; | 
1655 — = Sc. Whoſe Fluent therefore (by At. 
: x3 x5 x7 5x? 
77.) is = ax . 16 T7 11527 c. 
Which was to be determined. 


E X- 


The Manner of finding FurNTs, 


EXAMPLE xv. 
110. Let it be 2 2882 to approximate the Fluent of 


4 Ns * A 4 * . 
in an Infinite Series, 
c — K 


It appears, from Example 12, that che Value of 


1 
— e 


| , ol 
T7» expreſſed in a Series, is — + — — — 


0 


ee eee SN 
. 4ac dale N 


I 
TE Toa X #* + Cc. Which Value being 


therefore multiply*d by - * E, and the Fluent taken ( by 
| 1271 „ 
the common Method) we get — 42 — 
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The Manner of finding Flu RNTS. 


EXAMPLE XVI, 
1:1. Wherein it is propoſed to approximate the Fluent of 


of + 4 5 f. E Xa"; 


in a Series. 
Here, if A be put , B=vXx =, c — 


\ / 


v2 D 92, 13 | 
Xo D=vX IX ; X 7 „Oc. the Quantity 


FE v 
* + 4 ＋ bf 122 — c +30 1 will 
be = af A., + N + of + 
55 x x** "+ ATE EB FB G75 
A Da*X . + Ec. as appears from Art. 108. There- 
fore this Expreſſion being multiply'd by NOS: the 
tn 


Fluent taken (as uſual) we ſhall have © 


pum 


* 
a e DB „ | 


Fee , + 


potmH+3n 


— 


Ac + 2Bab + Cai X x 
pu + m + 3" 


: — +m+ 
D ooo 


pom An 
the Quantity propoſed to be found, 


SECTION VII. 
Of the Uſe of Fluxions in finding the Areas 
of Curves. 


CASE I. 


112, T ET ARC be a Curve of any Kind whoſe Or- 
dinates are perpendicular to an Axis AB, 


— 


Imagine a Right line þRg (perpendicular to AB) to 
move parallel to itſelf from A towards B; and let the 
Celerity thereof, or the Fluxion of the Abſciſſa Ab, in 
any propoſed Pofition of that Line, be denoted by 3d : 

Then it will ap- 

C pear, from Art. 4. 

that the Rectangle 

(bn) under bd and 

the Ordinate R, 

will expreſs the 
correſponding 

Fluxion of the ge- 

* nerated Area abR: 

ö 3 B er Fluxion, if 

5 | 5 , and Ry, 
A b a Ty will therefore ba 
=yx From whence, by ſubſtituting for y or & (ac- 
cording to the Equation of the Curve) and taking the 
Fluent, the Area itſelf will become known. 


CASE..I1L 
113. Let ARM be ay Curve whe Ordinates CR, CR 


are all referred to a Point or Center. 


Conceive a Right-line CRH to revolve about the 


given Center C, and let a Point R move along the 
53 {aid 
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5. 


Axt. a and the, uniformly generated, Triangle 


to the Tangent, =s, will therefore be (= 


The Uſe of FLuxtons 


faid Line, ſo as to trace out, or deſcribe the propoſed 
Curve Line ARM. 

Now it is evident, that, if the Point R was to move 

from any Poſition Q, without changing its Direction and 

Velocity, it would 
proceed along the 
Tangent QS (in- 
ſtead of the Curve) 
and deſcribe Areas 
QC, QSC about 
the Center C, pro- 
portional to the 
Times of their De- 
ſcription; becauſe 
thoſe Areas, or Tri- 
angles, having the 
ſame Altitude (CP), 
are as the Baſes Qs 
and QS, and theſe 
are as the Times, 
becauſe the Mo- 
tion in the Tangent 
(upon that Suppoſition) would be uniform. 

Hence, if RS be taken to denote the Value of (2) 
the Fluxion of the Curve Line AR, the correſponding 
Fluxion of the Area ARC, will be truly repreſented by 
QCS®: Which, 
putting the Perpendicular (CP) drawn from the Center 


QS P 
2 


2 from whence the Area itſelf may be determined. 


But, ſince in many Caſes, the Value of x cannot be 
computed (from the Property of the Curve) without ſome 
Trouble, the two following Expreſſions, for the Fluxion 
of the Area, will commonly be found more commo- 


. 


dious, viz. 77 and 33 where t = RP and x = the 


Arch BN of a Circle, deſcribed about the Center C, at 
| any 


in finding Areas. 123 
any Diſtance a ( = CB). Theſe Expreſſions are de- 
rived from that above, in the following Manner ; viz. 
2 :) : y (CR) : f (RP) *; therefore ⁊ ==; and * Art. 35. 
4 


Syy 3 
conſequently TE = which is the firſt Expreſſion. 


Again, becauſe the Celerity of R in the DireQion of 
the Tangent is denoted by z, that in a Direction per- 
pendicular to CQ (whereby the Point R revolves about 
3 Cb 
the Center C) will therefore be ( X A. 35. 


7 which being to (+) the Celerity of the Point N 


(about the ſame Center) as the Diſtance (or Radius) 
CR (Y) to the Radius CN (a) we ſhall, by multiplying 


| a8 
Extremes and Means, have 7 and conſequently 


. * , 
S 2 N. - 
Fan =, which is the other Expreſſion. 


The Method of applying this, together with the pre- 
ceding Forms, will appear at large from the following 
Examples: Wherein x, y, z, and & are all along put to 
denote the Abſciſſa, Ordinate, Curve-line, and the Area 


reſpectively, unleſs where the contrary is expreſsly 
ſpecified. „ 


X MK 


114. Let it be propoſed to determine the Area of a rigbt- 
| angled Triangle AHM. 


Put the Baſe AH=a, the Perpendicular HM; and 
let AB (x) be any Portion of the Baſe, conſidered as a 


flowing Quantity, and let BR (y) be the Ordinate, or 
Perpendicular, correſponding : _ 


Then, 
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124 We e Fivuxions 
Then, becauſe of the ſimilar Triangles AHM and 


b 
ABR, it will be, a: bn: xt y ==: Whence y# 


; M 
„ 


F mY H 


* Art, 112. (the Fluxion of the Area ABR“) is, in this Caſe, = 


bxx 


; and conſequently the Fluent thereof, or the Area 


b 
Þ+ Art, 77. itſelf = = +: Which therefore, ow x=a, and BR 


b AHXHM 
coincides with HM, will become — = 83 


the Area of the whole Triangle Aha, ; which we * 
know from other Principles. 


— 


E XAMPLE II. 


115. Let the Curve AR MH, whoſe Area you would find; 
be the common Pardbola. 


In which Caſe the Relation of AB (x) and BR (y) 
being expreſſed by 19 0 (where a is the Parameter) 


2 
1 art, 112. we thence * = — a * 5 and therefore u (i t) 
2 4 4 


1 


= a x "x: Whence = 7 * a — K 9 : 
(hoc 


in finding Areas. 


(becauſe 3 = 2 X AB X BR: Hence 4 Para- 
lola is 3 of a Rectangle of the ſame Baſe and Altitude. 


5 


* 1 


The Area is here found in Terms of &; but it will, 
many times, be more eaſily brought out in Terms of y 
(without radical Quantities) as in the very Caſe laſt 


propoſed : Where x being = , we therefore have x= 


TT 
% 4 
as before. 


Xx = 2 X ABXBR ; the ſame 


EXAMPLE III. 
116. Let ARM (ſee the preceding Figure) be a Para- 


min om n 
Ee : 
Therefore, by extracting the Root, or dividing each 
m N 
£3 „ = mn 
Exponent by mu, we have y=a Xx z whence 
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2 5 and conſequently z (3x) = ——: Whence = 


 bola of any Kind ; wheresf the general Equation it | 
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5 min n 
1 (yx) =a Xxx 3; and conſequently (the true 


—=— + 
m min © 
. 
Fluent, or Area) = af X —— — 
* 


* » 


— — — 


* 1 2 m 3 
a Xx NX NN mu 
n 2 gen i Ye rags m2 * 
ABX BR. a 
No Notice has been yet taken of any conſtant Quan- 
tity to be added to, or ſubſtracted from, the variable 


One, firſt found, in order to render it complete, agree- 
able to the Obſervation in Art. 78. | 


But that no ſuch Correction is required in any of the 
preceding Examples, is evident from the Nature of the 
Figure; becauſe, when x and y are nothing, the Area 
(1) ought alſo to be nothing, which it actually is ac- 
cording to the Equations above exhibited. 

- The Fluent found in the ſucceeding Example, will, 
however, ſtand in need of a Correction. 


EXAMPLE TV. 


117. There it is propoſed to find the Area of the Curve 
ARH, whoſe Equation is $*—a*x*þa*y*=0, 


Here, the given Equation is reduced to y = 
2 ' 


4. 
) 1 . 
Aa*—x** Xxx 


* 
&õ X — x2 


; whence * (=y+) = 
| a a 
* Art. 77- Whercof the Fluent (by the common Rule *) is — 


in finding Areas; 
R 


3 


H 


2 


Curve ARH will be barely = = =4 


EXAMPLE 


AH*. 


V. 


: Which, when x=0 and u=0o, becomes — 


2 
2 Pa” 
wy this therefore ſubtracted from — — > —, leaves 
. a 

„ F 

Ces for the Fluent corrected, or the true 

3a 
Value of the Area ABR E. 


When the Ordinate BR ( * — e ) becomes 


equal to Nothing, and B coincides 3 H, then x will 
become Sa = AH; and therefore the Area of the whole 


118. Let it be required to determine the Area of the 


. hyperbolical Curve whoſe E . is x" y = 


1 
m 
F 
In this Caſe we have y = — = @ 3 
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The Uſe of Fvx1oNs 
| mn m 


and therefore * (n) =a NK & FA Whoſe Fluent 
min m mn n—m 
a” * R 5 a” X _ a 

is 55 = = 5 which, when u ig 


=0, will alſo be =o, if n be greater than m: There- 
fore, the Fluent requires no Correction in this Caſe ; 
the Area AMRB. included between tie Aſymptote 
AM and the Ordinate BR, being truly defined by 


min no 
x * 
na XA 


2 ee the Quantity above determined. 


But, if 7 be leſs than m, then the Fluent, when x=0, 


will be infinite (becauſe the Index _ being nega- 


tive, o becomes a Diviſor to 1 e,) Whence the 
Area AMRB will alſo be infinite. 

But, here, the Area BRH comprehended between the Or- 
dinate, the Curve, and the Part BH of the other Aſymptote, 


— * 


— — 
Fg \ 


is finite, and will be truly expounded by na” N , 


the ſame Quantity with its Signs changed. For the 


Fluxion 


in finding Areas, 
i 1 — | 
Fluxion of the Part AMRB being « * X+ E, that 
of its Supplement BRH muſt conſequer:'v be — 
miy 1 == 


a” Xx 2 


1 1 


„ Xxx: Whereof the ane 8 — 


— — = the Area BRH: Which wants no 


Correction; becauſe, when x is infinite, and the Area 
BRH = o, the faid Fluent will alſo intirely vaniſh, 


8 ine 


ſeeing the Value of x * (which is a Diviſor to a 
is then infinite. 5 


EXAMPLE VI. 


119. Where let it be required to determine the Area of. 
the circular Setter AOR. 


Then, putting the Radius AO (or OR) = a, the 


Arch AR (conſidered as variable by the Motion of R) 
=, ONTO * of the Area will * 
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* Art. 113. be expreſſed by - (=the Triangle ORr *:) Whence 


the Area itſelf is = 5 = AOXZAR: From which it 


appears that the Area of any Circle is expreſſed by a 
Rectangle under half the Circumference and half the 
Diameter. | 


EXAMPLE VI. 


120. Wherein it is propoſed to determine the Area CBAC 
| of the logarithmic Spiral. | 


Let the Right-line AT touch the Curve at A; upon 
which, from the Center C, let fall the Perpendicular 
CT: Then, fince by the Nature of the Curve the 


Angle TAC is every where the ſame, the Ratio of AT 
(t) to CT (5) will here be conſtant : And therefore the 

* Art. 113. Fluent of = * 2 22 X 7 = the Area which 
was to be found, 


in finding Areas. , 13 1 


EXAMPLE VIII. 


121. Let the Curve ARM be the Involute of a given 
Circle AO 5. Om 


| In which Caſe the intercepted Part of the Tangent 
RP (i) being every where equal to the Radius CO (a) 


of the generating Circle, we therefore have CP (s) = 
VTRRP!) .: Whence « ( .) n 


Cs 2 
— A -N . a | 
— 24 _ 


and conſequently u="——— 4 


| oa 
CP3 
ca = the required Area ACR : | 
Which will alſo expreſs the Area ARO getierated by 
| the Radius of Evolution FI 3 becauſe, RO being = 
| . the 
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OY 22 | The Uſz of FiuxIoNs 
® Art. 119. the Arch AO, the Sector ACO (4 AOXOC») i, 


equal to the Triangle CRO (4 ROXOC) which equal 


Quantities being ſucceſſively ſubtracted from CARO, 
there remains AOR ACR. 


EXAMPLE IX, 


122, Let the Curve CRR, whoſe Area CRgC you 
would find, be the Spiral of Archimedes. 


Let AC be a Tangent to the Curve at the Center 


C, about which Center, with any Radius AC () 
ſuppoſe a Circle Agg to be deſcribed ; then the Arch 
(or Abſciſſa) Ag correſponding to any propoſed Ordi- 
nate CR, being to that Ordinate in a given, or con- 
| ſtant, Ratio (ſuppoſe as m to n) we have x (Ag) = 
Art. 113. 1 ; . * my*y Frome 
| 3 = therefore i = 2. = ==; and confequently » 


my3 : 8 
— Gan = the Area CRRgC, 


in finding Areas. 


EXAMPLE X. 


123. Let the Equation of the Spiral CRR (ſee the laft 


Figure) be x=by+ oy +dy*+ox*+/5* To 
This, 5 telag = Þ + at + 9+ ay 9 Oe 
2, 27 35 
we ſhall have « (==) == _ + _ 


4% . 
+ =p Te. and therefore a = 0p 8a + 


3% 42. — | FH 
. r 


this Caſe. 


EXAMPLE XI. 3 
124. Let it be propoſed to find the Area of a Semi- 
a fete re 


circle 


Here,oputting, the Diameter AH=a, AB=x, and 
BR=y e. (as uſual) we have * (BR*) = ax — xx 


R 
WO 
(ABXBH), and conſequently (3%) =# Vax—xx = 
I | 
1 I 


Xx 


r* 1—= | : Which Expreion not being of the 
Kind deſcribed in Art. 8 3 and 85. that admit of Fluents in 


K-3 finite 
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finite Terms, let it therefore be reſolyed into anl 


„, X 


and 99 finite Series *, and you will have # = 4 
5 3 | — — 


933 x3 5 ** 
i 8a* 16a 1284+ 
15 E * of; 

OE | | 
— —— — —— ec. From whence, | 
F no ce,. the Fluent of 
every Term being taken, according to the common 


3 $ 
" * x 
Method, there will come out v = a X — — — 
| e 
7 9 EE YES 


XZ 3 5 
— — — — * — a d 
a 729%" 50427 = xVax X 


zo. 3 ae nee 
3 5a 28a 7283 '\704a* 4 


ABR. Now, when x = Za, the Ordinate BR will 
_ coincide with the Radius OE; in which Caſe the Atea 


becomes V aa X F — ro r 373” 


2 | 
rer ©. X 0,66bb—0,1—0,0089 — 


5 N — 504 Sc, = 0,1964a* ; which, multiply'd 
by 2, gives 0,3928a* for the Area of the Semi- circle 


© 


AEH, nearly. | 
As the foregoing Series, in finding the Area of the 
whole Quairant AOE, converges but ſlowly, a con- 
ſiderable Number of Terms ought therefore to be taken 
to have the Concluſion but tolerably exact, the five 
firſt Terms above collected being ſufficient to bring 
out no more than three P'aces of Figures that can be 
depended on. For which Reaſon. it may be of Ule to 
: conſider, whether, by computing the Area of ſome par- 
' ticular Portion (ABR) of the ſaid Quagrant, that of the 
whole may not be deduced ; where x being ſmall in 
: | ; a | com- 
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compariſon of a, the Series may have ſuch a Rate of 
Convergency, that a ſmaller Number of Terms will | 
be ſufficient “. : * Art. 92. 


—— 


ECC WO 90 -& CD 


"* 1 


4965 1125⁵ 11520! © 281600 


Now, in order to this, it is well known that, if the 
Arch AR be taken = 4 AE (or 30 Degrees) the Sine 
BR will be =; A0; and conſequently AB (x) = AO 


—OB=A 'OR*—BR?; which, if the Radius A 
be expounded by Unity, (to facilitate the Operation) 


will be =0,1339746 very nearly : This therefore, with 


the Value of a, being ſubſtituted in the forementioned 


mn. 


| = 
Series, 2 ax3 X7— + — 287 Sc. we have 


0.0093505 Xq9,6666666—09,0133975—0,0001603— 
0,0000042 — Cc. = 0,0693505 X 0,6531046 = 


0, o45 2931 = the Area ABR: Which added to the 


Area OBR (OB X IBR V3 * 4, 2165063) 
gives o, 2617994, for the Area of the Sector AOR; 
the treble whereof, or 0,785 3982 (becauſe AR AE) 


will therefore be the Content of the whole Quadrant 
AOE: Which Number, found by taking four Terms 


of the Serieg only, is true to the laſt Decimal Place. 


This Concluſion may be otherwiſe brought out, 
by finding a Series for the other Part of the Area, in- 


- Cluded between the Radius OE and the Ordinate BR; 


wherein the Co- ſine OB (inſtead of the verſed Sine AB) 
will be the converging (or variable) Quantity. 
For, putting OB x, and OR (OA) = , we 


3 2 
have 5 ( BR = WOR*—OB* S =; and 


conſequently (y) the Fluxion of the Area OBRE * = * Art. 112. 
3 207 


VFC 
74 2 i Wh ED > x3 
2560 Ve. ence the Area itſelf is b 5 — 


x5 x7 5x9 7x" I 


Ia: 
K 4 | Now, 
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Now, if „ (OB) be aſſumed = A0 (fo that che 
Arch ER mav be = AE) and the Value of b (AO) 
be expounded by Unitv, we ſhall have 


x3 ( NN X X =) 2 5125 
nen 
* (r ri — = ,03125 


x? EN ) = ,0078125 


3 7 
x5 DN 7 ,= 00195 31+ 


Co | * Th, 
x ( XA <) = ,0004883 — 
| &c. 
Which Values of the Powers of being reſpectively di- 
"vided by 6, 40, 112, 1152, 2816, &c. there will reſult 
o, 5000000 — 0,0208333 —0,0007812—0,0000698 
— 0,0000085 — 0,0009012 — 0,0000002 Y “. = 


0,4783057, for the Arca BRE in the forementioned 
Circumſtance, when OB = F OA: From which, de- 


2uting the Triangle OBR (= V3 X&=0,2165063) 


tr- kemainder ,2017994. will conſequently be the Area 
: oi tue Sector EOR ; the treble whereof (becauſe ER 


i-. here, = Ar.) will give the Area of the whole 
Quadiaut, 0,78, 3982 as before, p 


* 


TT ui. 
125. Let the Cur.e, whoſe Area you would find, be the 


. \ = 4 » — n 
— — — ä ol 2 * 
iy — 3 * Ad Ca th”. & © - 28 
_— n T £ 
— 2 - p 2 . : Sn A 


| TEE. x3 

| . 7: * x 5 | ay * . jor Ob 

| Ciſje d if Dicks; whereof ihe H quation ts = = 

„ 

Art. 112. Here we have 2 0% = 2 — — 
% . z 


j 
\ £ 
! * 
* 6 
} 
; > 
+ E 
1 
i 
: 
1 
! o 
1 4 
i * 
[1 * 
v 
k 
j 
we 
. N 
" 
'T. 
4 1 
q 4 
1 : f 
= f 
1 4 
ka 4 
\ # 
a 
2 
; 10 
5 : 
16 ö 
+ 
e 
«QTY 
Ma, [2 
* 
Be” > *, 
[1 
—__ 
[ 
8 .Y 
4 
+ 
4 
u 
114 
17 
wat 
14 
. 4 
4:34 
we 
4 
. 
Ms 
7+ 4 
N * 
7 * 
: 
” 
49 
+4 
9 
10 
. 
of 
+94 
#7 
14 
1 
Hs 
4 
1 
'Y 
A 1 
74 
N 
. 
* 
44 
4.4 
"t 4 
An 
"nd 
FRY 
1 
5 
17 
. 


Y a ; RE 
- — PPC 1 
— 


In finding Arcus. 137 
2, — : 
2 ; Which beiog none of the Kind 


— _—_ COT OAT 


5 * 


n 
2 


that admit of Fluents in finite Terms “, let it therefore — 
be reſolved int an Infinite Series, and you w will have «= 


435 3 ox 


＋ * 1＋7 22 = + Bo: e 


r A. 7 oy ACS 
c I UN Fn ee, 


3 
=y 
— 
— yr 


3 
a 


— 


2 „ 
Hep ts — ＋ 5 . Whence u (the 


3 7 


2x* T 


Area itſelf) will come out = N 5 + 


— 


_ 


2 "IL 
* 
Eat fer + Oe =o} 772 "+ + 


= 
$843 = + Ge. 


EXAMPLE XIII. 


126. Let the prope Curve CSDR be e LE fuch a Nature, 
that | pp AB Unity) the of the Areas 
CSTBC and CDG BC arf anſwering to any = [ah ws ed 

. Abſciſſas Al and AG, ſhall! be equal to the 
CRNBC whoſe yorreſponding Abſeiſſa AN is equal mh 
ATXAG, the Product of the Meaſures of the two 

| former Abſciſſas. 
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Firſt, in order to determine the Equation of the 
Curee,. (which muſt be known before the Area can be 
found) let the Ordinates GD and NR move parallel to 
themſelves towards HF ; and, then, having put GD=y, 

NR=z, 
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* Art. 112. Of the Area CRNB by zz *: Which two Ex 
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NR=z, AT=a, AG=s, and AN u, the Fluxion 
of the Area CDGB will be repreſented by ys, and that 


] 


| 


TORT | 5K 4. 
K 1 1 0 N 


. py oY 


preſſions, 
muſt, by the Nature of the Problem, be equal to each 


other; becauſe the latter Area CRNB exceeds the for- 


mer CDGB by the Area CS TB, which is here con- 
ſidered as a conſtant Quantity; and it is evident that 
two Expreſſions, that differ only by a conſtant Quan- 
tity, muſt always have equal Fluxions. 


Since, therefore ys is =zii, and u=as, by Hypotheſis, 
it follows that « Sas, and that the firſt Equation (by 
ſubſtituting for 2) will become I ans, or y==axz, or 
laſtly ys=zas, that is, GNXAG=NRXAN : There- 
fore GD:NR:: AN: AG; whence 'it appears that 
every Ordinate of the Curve is reciprocally as its cor- 
reſponding Abſciſſa. | 

Now, to find the Area of the Curve fo determined, 
put BC b, and BG =x: Then, ſince AG (1+) 


: AB (1) :: BC (6) : GD (we have y ===> and 


conſequently * (=yx) = 142 * bX x — xx * 


x*x + x** — c.. Whence, BGDC, the Area key 


in finding Areas, 


0. 0. - og 5 
felf will be = bXx— _ + —_ ” + Fee Which 
was to be ſound, | 

Tt may be here obſerved that the Areas -of the Spaces 


above mentioned, are analogous to, and have the very 
ſame Properties as Logarithms ; and that thoſe Spaces, or 
Logarithms, may be of different Forms or Values, ac- 
cording as you take the Value of the firſt Ordinate BC, 
which may be affimed at Pleaſure: Thus, if BC be 
taken =AB=Unity, the Curve will become an equi- 
lateral Hyperbola whoſe Center is A (becauſe then AG 
X(35D==AB*) and in that Caſe they are called hyper- 
bolical Logarithins : But, if BC be taken go, 43429448 
(ſo that the Logarithm, or the Area of the Space 
CDGB, anſwering to the Abſciſſa AG, when expreſſcd 
by the Number 10, may be expounded b Unity, or 
AB*) we ſhall then have the common, or Brigean Form 
of I ogarichms, 

From theſe Logarithms (given by the Tables) the 
Buline(s of fin ing Fluents, is in many Caſes, very 
much facilitated : For, if the Fluxion given appears to 
agree with the Fluxion of any known Logarithmic Ex- 
prefſio!', its Fluent may, it is evident, be had by the 
Tables, ready calculated, without the Trouble of an 
Infinite Series. 8 3 

But, now to know what Kinds of Fluents are ex- 
plicable by Means of Logarithms, it wil be egeſſary 
to obſerve that, the Fluxian of any hyperbolic Logarithm 
is always extreſſed by the Fluxion of the correſponding 
Number, div dd by that Number: This appears from 
above, where (yz) the Fluxion of the Area (or Lo- 
garithm) BGDC, when BC=AB=1, is truly repre- 
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ſented by 1. where 1+x (SA) may ftand for 


any Number whatever; and & for its Fluxion. 
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The Uſe of . 
e the Fluent of 


= = will be expreſſed by 


the hyperbolical Logarithm of 1 For the 
Fluxion of (x V the Number itſelf, being # 
2 2 . 5 


TEE r © Vox, 


* Nn, x, this laſt Quantity, divide? by that 


Number, gives | = » the very Fluxion firſt 
propoſed, 


= vill be 
Xp 4 * 
truly expounded by the hyperbolical Logarithm of a + 


It alfo appears that the Fluent of 


x + V2ax+#®: Becauſe the Fluxion of the Number 


Gnas 


V 2ax+xx 2ax--xx * 
X 2 20x + zx+a+x ; which divided 


(a+x — 2ax+5*) is here = = x — 


V 2ax+xx — 
by that Number produces 


Xx 
gy Cn 
will be repreſented by 


* the Fluent of - 


the hyperbolical Logneithim of 2 : Becauſe, the 


$Xa—x+3XaFsx _ 2ax , 


Fluxion of = pom Th 


a—x\* T — 
. TR e+x . | 
if the ſame be therefore Sake by e we ſhall have 
24x a—4 2a A4 


— tre a NK GO 


Laſtly, 


in finding Areas. 
Laſtly, * of will be denoted 


=. 
. ; . ; f. 
by the hyperbolical Logarithm of 3 3 or 


a 
| Dr 
here the Fluxion of the Number is * * 
— —— — 
L= ee WER 2 
4 * . = N 
= e . : which divided by 
VN N N + 54 
. r 
gives — 
a+ Ex V a* T XLN 2 
atv *. 2 3 24xx 8 
= NN a* L Xa—V ax 
J 2axx 2ax . 

= — — 2 — , the Fluxion pro- 

Va f= * N 
poſed. 


Theſe four are the principal Forms of Fluxions ; 
whoſe Fluents may be found from a Table of Loga- 
rithms of the hyperbolic Kind : Which Table, upon 
Occaſion, may be eaſily ſupply d by a Table of the com- 
mon Form: For, ſince the hyperbolical Logarithm of 
any Number is to the common Logarithm of the ſame 
Number, in the conſtant Ratio of Unity to o, 43429448 
(as appears from above) it follows that if any common 
Logarithm be, either, divided by o, 43429448, or mul- 
tiply'd by its Reciprocal 2, 30258509, you will thence 
obtain the hyperbolical Logarithm correſponding. 


E X- 


The Le of Fiux10Nnt 


EXAMPLE XIV. 
127, Let it be required to determine the Area wy Curve 
whoſe Equation is a*y—x*y—a*= 


a 
In which Caſe y being == —— we have 2 () 


** x*x 
— — i ＋ — þ +5 = + Er. 


* 


* o 
— 


QA — 


1 8 
Whence u = ax + = - + ++ + Ce. 


= the Area n, 


But the ſame Area (or Fluent) may be found with- 
out an Infinite Series, by Means of a Table of Lo- 
garithms, agreeable to the Obſervations in the laſt Ar- 
ticle: For, fince it there appears that the Fluent of 


_2ax 
po eee nf truly expreſſed by the Foe Logarithm 


of = it follows that that 9 — (=== = mo i Lt) 


will be expreſſed by the ſame 8 muttiph's by 
za. Thus, for Eoeple ſake, let a (= * 
en 
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taken = 10, and x (AB) =5 ; then will 3 =5; 


whoſe Logarithm taken from the common Tables 
is O, 4771213; which multiply'd by the Modulus 
2, 30258509 (lee the laſt Article) gives 1,9861228 


for the hyperbolical Logarithm of 22 , and this again 


multiply d by 50 (44*) produces 54930614 for the 
true Value of the Area ABRC, in the aforeſaid Circum- 
ſtance, when AC=10, and AB=5. | 


EXAMPLE XV. 


128, I the propoſed Curve is that whoſe E quation is 
a * 4. . s 


Here, by reducing the given Equation, we get 72 


a ; 
: Therefore d·＋ = —=——= == 5 ®, o Art. 11. 


V a*+ x* 
being = hyperb, 


V. a* + x* 
Whence, the Fluent of 


vV a*þ x* 
C 


5 


„ II 


ax 


Log. of x + V &*+#* (by Art. 126.) chat of = 
x 
w_t conſequently be = the ſame Logarithm Gera 
1.45. 
But to find whether the Fluent thus determined does 
not need a Correction , let x be taken So; then the 1 An. 13, 
Fluent 


144 De Ub of Fuvxrions 
Fluent will become = hyp. Log, a: xa: Which, there. 
fore. muſt be ſubſtracted, to have the true Value of the 
® Art, 1 Area ACRB®;; and then there reſults a X hyp, Log. 


x hg V a*+ x* — a*: X hyp. Log. a = a*X hyp. Log: 
2 772 + x* > | 


a 


— . 


EXAMPLE XVI. 


129. Let it be propoſed to find the Area of the Hyperbola . 
ABD, and alſo the Aren of the hyperbolical Sector 
CAD; ſuppoſin; C to be the Center, and A the prin- 
cipal 7 ertex of the Curve. 


Here, putting the Semi- tranſverſe Axis CA=a, the 
Semi-conjugate = c, and CB ; we have, by thr 


RT Re | 


Property of the Curve, y (= BD) = — of x- aa; 


and therefore à = 7 = S x*—a* = the Fluxion 


1 Art. 112 of the Area ABD f. 


But to find the Fluxion of _ Sector CAD, it is 
to be obſerved, that as the ſaid Sector ORD — 


ABD = —u, its Fluxion will therefore be = 


c in file Areas, 145 


2 8 *. A, Xy.. , 
2: 34 —5 Lt | EE (becauſe 5e) pr * Art, 112, 


by ſubſtituting for y and 5, their Equals - * —@* 


* | 2 
180 A a 9. 
=> — — reduced to * 


=: Whereof the Fluent (by 4rt. 126.) 2 
X byp. Log. = Le, which correfted (by 
making x=a) will become — X hyp. Log. x + 


Vis x „A* byp. Log 


* — the SeQtor ADC: Which, ſubtrafed | 
== © BexBD | 
— — N (= e201GUML 1: oe reep) 


M01 AL Viig @*1 10 77223 Ir 
leaves — "7" K byp. Log. 2 oy 


for the required Area of the Hyperbola b. 


EXAMPLE XVI. | 
130. Let the Curve propoſed bs the Ellipfis AEB. 
T pen, putting the trinſverſe Axis AB=9, and the 
Conjugate-(2CE) Se; we'ſhall, by the Property of 
the N have y * => V . there 5 


"fore 6 (js) = 2 * Vas e. Ha- of 
the Area ARD. 
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But r is known to expreſs the Fluxion of 
the n Segment AD of the circuinſcribing | 


Semi- eirele; whoſe Fluent is, therefore, giren, by 41, 
1243 pr e N by A, that of = 


will, e h == x A. Hence, the Ares 


of the Segment of an Ellipfis, is to the Ares of the 


correſponding Segment of its eircumſeribing Circle, as 
the lefſer Axis of the Ellipſis is to the greater; Whence, 
it follows that the whole Ellipſis muſt be to the whole 
f | 


E X AM PL E Xym. 


131. Let tbe Curve AR &c. whoſe Area CARS, 9 
5 find, be the Conchoid Nioomedes. = 91 


Whereof the "Equation (putting BC g, and RV 
| (=AC) 0) is x*y* = a+ xũ*E * Vi d. Art. 57. 


Which, by Reduction, becomes = = * — — 4 * 
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55 
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Mi.: But, to bring it down to a, ill, more 
ſimple Form, muke .= (=SV) = 2; then 3 ; 


FED; whence, b) Bubſlitution, N - 


* — 2 
＋ 23; and e 12 
— 2 ＋ Ion X az 

+ * = 
2 
** .- Q PER FEW. abs + 2 
x X 652—22 wo 62—2 22 X 62—27* ö 5 
d therefi 0 Vow b * * -. 

122 2 — 21 — 
1 . F 4.—K ] 
1 ö 

=== = g 


* 4% — — — * 
. 
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But now, to exhibit the Fluent hereof ; upon C, as 
Center, with the Radius AC (6) let a Quadrant of a 
Circle AED be deſcribed, and let RH, 9 meet 
the Periphery thereof in E, afo let EF be parallel to 
AC, and let CE be drawn: It is evident (becauſe CE 
(CA) = VR and EF = RS) that CF is alſo = VS 


=z; aud therefore, EF being ( PCP?) = = 


M, it. appears —_— VP 8 ſecond ty 
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Term of our given Quantity) expreſſes the Fluxion of 


the Area AEFC : Whence, if to this Area (found 4y 
the Table of Segments) the Fluent of the firſt Term 


ab*s. 8 
At. 126, , or the hyp. Log. of =, X + ab ®, be added, 


the Sum will be the whole Area ARCS, that was to be 
determined, | 


EXAMPLE XIx. 


132. Let it be required to deter mine the Area ASRA 
included by the common Cycloid ASM and its generating 
Semi- circle ARH. 


Put the Radius AO (or RO) = 4, the Sine BR, 
the Co-ſine OB=x, and the Arch AR (RS, by the 
Property of the Cycloid) = z: Then AB being = « 


- M 


i 


IN 


3 its Fluxion will be — 2 whence (4) that of the 

®* Art, 112, Area ARS is =— . Now to find the Fluent there- 
of, make w==—-zx (=the Fluent, if z was _ 

bt: ant 


ne 
BY 
. 


t) 


# 
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ſtant) then 4% being = — zx — xz *®, we ſhall have “ Art. 10. 


s (= — 25) = wv þ+ xz. But ( by Art. 35.) * 
(AR Fluxion) : 5 (BR Fluxion) :: Radius: Co- ſine of 
the Angle ARB, or its Equal ROB :: OR (a): OB (x) : 
Therefore, by multiplying Extremes and Means, we get 
xz=ay : Whence, by Subſticution « (-A = w 
+ ay; and conſequently, by taking the Fluent, 2 = 
10 ＋ ay = — zx + ay = AOX BR - BO X AR 
the Area ARS. | | 

Hence it follows that the Area (AEFA) when RB 
coincides with the Radius FO, is barely = AO x FO 
= AO“: And that the whole Area AMHFA is truly 
defined by—ARH X—OH, or by ARHXOH ; that is 
by four times the Area of the generating Semi- circle. 


EXAMPLE XX. 
133. Let the Curve propoſed be the Catenaria DAB. 


Then, drawing BS and bs parallel to the Axis AC, 
and AS and cbn perpendicular to the ſame ; and making 
(as uſual) Ac x, cb=y and Ab=z, we ſhall have, by 


D „„ B 
| 
| ? 
el_ 6 n 
gs 
A - AE 


the Property of the Curve, 2ax+x*=zz : Whence x= 
VaiiÞz'— a, and + = : From which the 
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uu Value: of) j, (which®ia. all Curves,ig = A) 


2 * a*z®: ; 
will here be found = 3 — 22 
Fe 


== and this wn aby x Fe — 4a ; 


a 
8 7 Hts ReQangle 8) 


6 Art, 113. = the Fluxion of the Area Ash . From whence, by 
taking, the Fluent, the Area itſelf is found = az, — a 


+ ant 126. x hyp, Log, EN +: Which therefore 4. 
ducted from the Rectangle 5c (=yx=y Va'+z—g9) ; 
leaves ö = + a* X p. Log. 
and dt the required Area Abe. But, fince j= 


(=). gives az — 
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ene 4. — 4 
whence, by Subſtitution, the Area, at laſt =—_ ns | 
| , or =aV i + z* X hyp. Lx. 
2+ Watt nf 
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— „52 © 4 | 


ScHOLIUM, 1 


134. At the Beginning of this, and in the poveading ff 
Sections, we have ſeen how the Fluxions of Quantities are 
determined, by conceiving the generating Motion to be- 
Y come uniform at the propoſed Poſition; according to the 
Art. a. true Definition of a Fluxion ® : But hitherto no parti- 
cular Notice has been taken of the Method of Inere- 
ments, or indefinitely little Parts, uſed (and miſtaken) 
by many for that of Fluxions : In which the Operations 
are, for the general Part, exactly the ſame; and which- 
(tho” leſs accurate) may be apply'd to good Purpoſe in 
finding the Fluxions themſelves, in many Caſes. For 
which. Reaſons it may not be improper to add here a 


3 few! 


m. finding Areas, 


the two Methods differ from each other; eſpecially as 
we ſhall be. enabled, from. thence, to draw out ſome 


the Work, 
Tt hath been 
that the. Flyx1ons of | Quantities are always mea- 
ſered by how. much the, ties themſelves would be 


uniformly aug m % in a given Time. Therefore, if two 


FOG: TIP 1 


Oman 8 N — 1 4 4%. f 4 44 


Quantities or Lines, AB and CD be generated together, 
by the uniform, (or equable) Motion of two Points B 
and D, it follows, that any two Spaces Bb and Da 
actually gone over (whereby AB and CD are aug- 
mented) in the ſame time, will truly expreſs the Fluxions 
>of the generated Lines AB and CD: Whence it appears 
that the Increments (or Spaces actually gone over) and 
the Fluxions are the ſame in this Caſe, where the gene- 
rating Velocities are equable. 

But if, on the contrary, the Velocities of the two 
Points, in generating the Increments M4 and Na, be 
ſuppoſed either to increaſe, or to decreaſe, the Lines or 
Increments ſo generated will, it is plain, no longer ex- 
preſs the Fluxions of AB and CD; being greater, or 
leſs than the Spaces, that might be uniformly deſcribed, in 
the ſame Time, with. the Velocities at M and N. | 

If, indeed, thoſe Increments, and the Time of their 
* Deſcription, be taken ſo exceeding ſmall that the Mo- 

tion of the Points during that Time may be conſidered 
| a8 equable, the Ratio of the ſaid Increments will then 
expreſs that of the Fluxions, or be as the Velocity at 


L 4 | ceived 


_ 
| a few Lines on that Head, to ſbew the Beginner how. 


Concluſions that will be of Uſe in the enſuing Fart of 
atly inculested in the foregoing. . 


M to that at N, indefinitely near; but cannot be con- 
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ceived to be fritly ſo; unleſs, perhaps, in certain par- 
_ ticular Caſes, TUO OR ATR 
Hence we fee that the Differential Method, which 
proceeds upon theſe indefinitely little Increments (actually 
generated) as we do upon Fluxions (or the Spaces that 
might be uniformly generated) differs little, or nothing, 
from the Method of Fluxions, except in the Manner 
of Conception, and in Point of Accuracy, wherein 
it appears defeQtive :- And yet it is very certain the 
| Concluſions this Way derived are mathematically true; 
which has afforded Matter of Wonder to ſome : But the 
Reaſon why they are ſo is very eaſily explained. For, 
although the whole complete Increment is aQually un- 
derſtood by the Notation and firſt Definition (of this 
Method) yet in the Solution of Problems the exact 
Meaſure thereof is not taken, but only that Part of it 
which” would ariſe from an uniform Increaſe, agreeable 
to the Notion of a Fluxion ; which admits of a ſtrict 
Demonſtration : But, after all, the Differential Method 
bas one Advantage above that of Fluxions, which is, 
we are not there obliged to introduce the Properties of 
Motion. Since we reaſon upon the Increments them- 
ſelves, and not upon the Manner in which they may be 
generated. 3 
It has been hinted above, that, though the Increments 
of Quantities are not, firifth, as the Fluxions, yet 
from them the Ratio of the Fluxions may be deduced ; 
and it appears that the ſmaller thoſe Increments are 
taken, the nearer their Ratio will approach to that of 
the Fluxions. Therefore, if we can, by any Means, 
find the Ratio to which the faid Increments, by con- 
ceiving them leſs and leſs, do perpetually converge, and 
which they may approach, before they vaniſh, nearer 
than any aſſignable Difference, that Ratio (called here- 
after, for Diſtinction Sake, the Ratio limiting that of 
the Increments) will be, /irifly, that of the Fluxions. | 


This wilt more particularly appear from the follow- 
ing Inflances; wherein the Manner cf deriving the 
Ratio of the Fluxions, from that of the Incremen:'s, 


is ſhewn. | 
| i . 


10, La it 5. Propeſed to Ae the Ratio ar the 
|  '--» Fluxions of & and x. 


Now, if x be ſuppoſed to be augmented by any 
| (mall) Quantity x, ſo as to become x+x, its Square 
(** will be augmented 8 = * + 2xx + xx ; 
whence the Increment of & will be 2xx + 2. which 
458600 is to (2 the Increment of x, as 2x+x to 1. 


Hence, becauſe the leſſer x is taken, the nearer this 
Ratio approaches to that of 2x to 1, which is its Limit, 
the Ratio of the Fluxions will therefore be expreſſed by 
that of 2x to 1, or, which is the ſame, by that of 2xx 
to + (as in Art. 6 . 


29. Let the Ratio of the Fluxions of x and x" be 


required, 


Then, if x be augmented to x+x, x” will be aug- 
; 4 n 1 wi 
mented to x-+ x = x + nx 


r = nn Oe (Vid. Art. 


99. ) Whence the Increments of x and x* will be to 
: | 3 , 5 

each other as 1 to nx + * X ef?” OR 
N—_ MN n—2 | 


3 


x is taken, the nearer the Ratio will approach to that 


/ 


X 


1 


„e. Were the Smaller 


* — 
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of 1.to.nx""" ; which appears to be its Limit; There- 


fore this laſt Ratio, or that of # to * , is the Ra- 
tio of the Fluxions required, (Vid. Art, 8.) 


— — Sa — 
—_— * 
ge” * 

— — 4 K 
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V. Let it be propoſed to determine the Proportion of the 
Fluxions of the Sides AC and BC, of a right-angled, 
Plan- Triangle ABC; ſuppoſing the Perpendicular AB. 
to, remain iuvariable, 


1 * 
B * 


AVE 


If Ca be aſſumed to repreſent any Increment-of-BC ; 
and Dd, the correſponding Increment of AC (AD) 
the Ratio of thoſe res- fo will be, univerſally, ex- 
preſſed by that of the Sine of the Angle CDa to the 
Sine of the Angle DCd (by plane Trigonometr y) and the 
leſs the Increments are ſuppoſed to be, the. nearer will 
the Angle CDd approach to a right one, or to an Equa- 
lity with B; which is its Limit: And the nearer will 
DC4 approach, at the ſame time, to an Equality with. 
>. Therefore the Ratio here limiting that. , the 
Increments is that of the Sine of B (or Radius) to the 
Sine of BAC: Which alſo expreſſes that of the re- 
quired Fluxions. (Vid. Art. 35.) 
In the ſame way the Proportion of the Fluxions of 
ether Kinds of algebraical and geometrical Quantities 


may 


in finding Areas, 


may be inveſtigated z but it will be unneceſſary to dwell 
longer upon this Head: I ſhall therefore only add one 
other Obſervation from henee (which will be of uſe 
hereafter) relating to the Value of an algebraic Fraction. 
in that particular-Cireumſtance when both its Numerator 
and Denominator become J. to Nothing, or vaniſh, 
at the ſame time. Which Value (it follows from above) 
will be found by dividing, the Fluxion of the Numerator 
by that of the Denominator. 

For, ſince; the Value of any Fraflion, in that Cir- 
cumſtance, is to be looked, on as the: limiting Ratio to- 
wards which its two Terms, converee,, before, they va- 
niſh, and ſeeing the Fluxions are, always, expreſſed by 


that Ratio, the Truth of- the Rule, or Poſition, is 


manifeſt. 
An Example, however, may not be improper: 
| x%—a? 


— 
Let therefore the Fraction 4 be propounded, to 


find the Value thereof when.x=a. In which Caſe, 
the true Value ſought, or. the Fluxion of the Nume- 


rator divided by that of the Denominator, is = _ 


=2x==24. And that this is the true Value, may be 
confirmed by common Diviſion, whereby the Fraction 
propoſed is reduced to x+a; whoſe Value when x=a, 
is therefore a, the. very ſame- as before. 
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SECTION VII. 


| The Uſe of Fluxions in the Reftification, or 


finding the Lengths, of Curves. 


CARECL.-.-: 
135. 1 ACG be a Curve of any Kind whoſe Or- 


dinates are parallel to themſelves and per- 
pendicular to the Axis AQ. 


If the Fluxion of the Abſciſſa AM be denoted by 
Mm, or by Cn (equal and parallel to Mm) and 18, 


* | 


A 


"MM OT IND 


equal and parallel to Cr, be taken to repreſent the cor- 
reſponding Fluxion of the Ordinate MC ; then will the 
Diagonal CS (touching the Curve in C) be the Line 
which the generating Point (p Pa would deſcribe, was its 
Motion to become uniform at C (Vid. Art. 48 and 49.) 
which Line, therefore, truly expreſſes the Fluxion of 
the Space AC gone over, according to the Definition . 
Hence, putting Aux, CM=y, and AC=z, we 


have = (888 vV Cu-.) S x*+5* ; from 


which, and the £quation of the Curve, the Value of z 


CASE 


May be determined, 


in finding the Lengths of Curves. a 57 


'CASE u. 


** Let al the Ordinates of the propeſed Curve 
ARM be referred to a Center C. 


2222 the Tangent RP ( intercepted by the 
Perpendicular CP) t, the Arch BN, of a Circle de- 
ſcribed about the Center C &; the Radius CN (or 


CB) Sa, &c. (Vid. Art. 200 we have : j :/ (CR) 


NMI 


R 
el 
N 


:t (RP'*); and conſequently & = ©; 2. From whence * Art. 35. 
the Value of z will be found, if the Relation of y and 


t is given. 


But in ocher Caſes it will be better to work from the 
following Equation, viz. = = ve > — 8 - Which 


is thus derived. 
Let the Right Line, CR, be conceived to revolve 


about the Center C; then ſince the Celerity of the ge- 
| nerating 


We De of Puuxrovt 
nerating Point R in a Direction perpendicular to CR i 
to (4) the Celerity of the Point N, as CR (y) to CN 


(ez it will-therefore be truly ropreſent(d- by E.: Which 
being to (5) the Celerity in the Direction of CR, pro- 


Ar. 25. zuced, as CP (i): Rp * it follows that —.— 9 


a : s * ** 
*: Whenee, by"Cotripoſition, , . 5: 5 4:5 


b 0 222 2 2 
+8 Or; therefore = + 5 =, and 


conſequently 2 + 5? (= 70 . 23 as was to 
be ſhewn. 1 


But the ſame Concluſion may be more eaſily deduced 
from the Increments of the flowing Quantities, accord- 
ing to the preceding Scholium, 


| For, if Rm, rm and Nu be aſſumed to repreſent (z, 
J and x) any very ſmall correſponding Increments of 
AR, CR and BN, it will be as CN (a): CR (Y) :: 
4 (the Arch Ny): the ſimilar Arch Rr =. And, 
if the Triangle Rem (which, while the Point m is re- 
turning back to R, approaches continually nearer and 
nearer to 2 Similitude with CRP) be conſidered: as 
rectilincal, we ſhall alſo obtain 2 (=Rm*=Rr*+rn") 
Sa: Wheiice, by wiiting , 5 and 5 for 
, x and y (according to the 'Scholium) there comes 
out x* = Bo + *, as before. | 

E X- 


in finding the Lingths of Curves: 459 4 


EXAMPLE I. 


137. Det ib. Curve ARM uheſ⸗ Length in : ſonght, de ube 
S.mi· cubical Purabola. 


Where6f the Equation being arg, or'x= 7 » 
3 a 


we thenee have # = 2 Whence xz (When 


= Son FEEL: Ein 
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(band by We common Rule) is . L 22 ; "which, 
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EXAMPLE I. 


138. Let the Crus propeſet' be o Parthele 
— Kind, er 


Thanx = 72 being a general Equation to all 


n— 1. 
. Kinds of Parabolas, we here have & = = - „ and 
WS , 1 . 8 215 
| ds was 7 a i 
* / | 7 27 —2 2 
therefore = (= V+ *) 2 3 + RE _ 
; W 


NN 
yX1+ 4 — : Whoſe Fluent, univerſally ex- 
- 
2 20—1 
preſſed in an Infinite Series, is y + _.*/ 
2n—1I X 2a 


2 2 + ay | Oc. =, 


But, when 21 — 2, the Index of y, in the given 
Fluxion, is either, equal to Unity, or to any aliquot Part 
of it, the Fluent may be accurately had. in finite Terms, 
by Article 84. 1 
8 5 
For, by putting 2— = , and r our 


# 


2 3 
fo | x5 is, in the firſt place, 


2 


Fluxion (: + 


x.\- ; 
” | X53: Which being compared 
with 


reduced to 149 
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= 


with a+ ce X d *, the general Expreſſion in 
the foreſaid Article, we haye a , z = 2 
8 4 | 
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when v, or its. 1 2n==2 ? 1— a whole 2 
Number. ; 
 2v+I 1\ | 
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tuted for its Equal u, the Equation: of the Curve, will 


be changed to að* F adv ; which, if v be expounded 


by 1, 2, 3, 4 Cc. ſucceſſively, will become ax = y?, 
ax ,, ax* =y", ax =y9 c. reſpectively: In all 
which Caſes the Length of the Curve may therefore be 
accurately had from the Fluent above exhibited, 


M More-- 


Tr 


n * 
1 dS Þ 
— . m ů ⏑— 


(derived from v = 
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Moreoyer, if n be aſſumed = 2 (or vg) the ge- 


5 


neral Equation, x = _ will then become x = 
| 4 | 


2 . 1 \ 
E; anſwering to the common (or conical) Parabola. 
z 
» — 
And therefore in that Caſe = # {= 1 + © = X 


= ＋ . . 2 
1 4. 3 wm 


* 


8 . = £ 
(by putting 5 = fa) - T9 bp 
+ „ PSS 1. 125 +! 
vr * Vern fe 
6 
T f, ee, vey. 
Where, the Fluent 1 the firſt Term (of the Fluxion 
ſo transformed) being f Vb*y*+4+ (or zy VH . 
*s the common Rule ; and that of the ſecond Term 


1 5* X hyp. Log. TAL, * 


it follows 


e Art, 126, = 
that the Length of the er will, in this Caſe, be = 
DH 55 r 
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EXAMPLE III. 


139. Let the Curve propoſed be the Inuolute of a Circle; 
whoſe Nature is ſuch, that the Part PR of the Tangent 
intercepted by the Point of Contact and the Perpendicular 
CP, is every where equal to the Radius CO of the ge- 
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nerating Circle: Therefore Z (=Z .) being here.= # art. 136. 


2, we firſt get Z = 75 which corrected, by making 


5 r f 
y=a (=AC) becomes = ( 7x) the true 


Meaſure of the required Arch AR. 


M 2 E X- 
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"EXAMPLE Iv. 

140. In which the Spiral of Archimedes is propoſed. 

Where, the Value of r (AT) being denoted by 


= (Vid. Art. 62.) we get & (= >) 
= 2V iz : Which Win being andy the 


fame as that exprefling the Arch of the common Para- 
bola, found in Article 138. its Fluent will therefore be 
truly 4 >= by the Meaſure of the ſaid Arch, or by 


LL LTI X hyp. Lag. a ALT , the 


Value 4 exhibited. 


E X- 


in finding the Lengths of Curves, 


| EXAMPLE: V. : 
141. Let the Curve be a ſpiral whoſe Equation is 
ax =" (Vid. Art, 136.) 


« 


In which Caſe # being = : it is evident 


that & (= 75412 4) . ＋ = — _ 


— 
zn 1X Zz 
2 &c. Which Value 


= „ 1+; and therefore N 


m*yqmtr i m Gm x 
AIX em IN 
my be otherwiſe had, without an Infinite Series, when 


—— is a whole poſitive Number, vide Art. 138. 


2M 


EXAMPLE VL 
142. Where, the Rizht-ſine, Vrſed-þ ſi ne, Tangent, or 


Secant of an Arch of a Circle, being given, tis re- 
quired to find the Length of the Arch itſelf in Terms 
thereof. 


Put the Verſed-ſine Ab x, the Right-fine Rh y, 
the Tangent AT 
=t, theSecant OT T 
=;, the Arch AR 5 
, and the Radius — 
AO, or RO, S a; n 
allo let Ru , nr 
=y and Rr = 


_ the Angle | | 
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are therefore equi - angular; and it will be, Rb (y) : OR 
* ax * 


(a) i Rn (5) : Rr (4) (oe 


J} VV 2ax—xx 


cauſe, by the Property of the Circle V xX= y,) 


Alſo, Ob (Van): OR (a) :: ar (5) Rr () = 
— Theſe two Values exhibit the Fluxion of 
Vat — y* 

the Arch in Terms of the Verſed-fine and Right- 


fine reſpeQively : But, to get the ſame, in Terms of 
the Tangent and Secant, we have (by ſim. Triangles) 


OT (= V a*+ 75) : OA (a) :: OR (a): Ob= 
a * a* | =, 22 


a 289 
* e 


8 as att 
whoſe Fluxion is therefore ＋ * Whence 
Fat 


(again by ſimilar Triangles) AT (SV = =!) ; 
OT (S Vi 1 Ry: Rr „ 


4 11 — 2 


at — 
r 


Now, from any one of the four Forms of Fluxions 

: ax 13 8 a*s 
(A rr Va-, rr Vn 4 
here found, the Value of the Arch itſelf (by taking the 
2 in an Infinite Series) will likewiſe become 


But, the third Form, expreſſed in Terms of the 
Tangent, being intirely free from radical Quantities, 
will be the moſt ready in Practice, eſpecially where the 
required Arch is but ſmall ; though the Series ariſing 
from the firſt Form, always, converges the faſteſt. 
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If, therefore, —_ ; be now converted to an In- 


7 
. 1% 
finite Series, we ſhall ws 2 2 =+—.. 4 — 7 | 


#3 15 7 
7 24* 21 2 = 745 + 
= &c, = AR. Where, if (for Finke Sake) AR 


be ſuppoſed an Arch of 30 2 and AO (to ren- 
der the Operation more eaſy) be put = Unity, we 


ſhall have f = N . 5773502 (becauſe Ob V7; 3 
R (4) * OA (1): AT (1) N 
Whence 
t ( =tXt*=tX;}) . 1924500 


| I 

25 (Axe -) = -.0641500 
= hs 

; (=I) . 0213833 
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4 0007919, .0002639 ..oooo879g . 0000293 


„„ 15 17 IN 
00000 7 0000032 | 
_ —21 2 2 23 - =.5235987 : Which mul- 


tiply'd by 6 gives 3.141592 + for the Length of the 
Semi-periphery of the Circle whoſe Radius is Unity. 
At Article 126. certain Forms of Fluxions were pointed 
out, whoſe Fluents are explicable by means of hyper- 
bolical Spaces, or a Table of Legarithms : Which Forms, 
it is obſervable, agree in every thing, but the Signs (and 
conſtant Quantities) with thoſe exhibited above, for the 
Arch of a Circle. And theſe laſt, like them, may 
ſerve as ſo many (other) Theorems for finding Fluents 
by means of a Table of Sines, Tangents and Secants. 


But, as ſuch a Table is uſually calculated to a Radius 


of 1,000000 &. (or Unity) the following. Equations, 
derived from thoſe above, being adapted to that Radius, 
will be rather more commodious. | 
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* ww. 
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n 7 XY 


Tangent 


to the Arch whoſe 


Radius Unity. 


'Thus, the Fluent of 
* 5 
e WV. 


— — 


[ ES © | Secant 
ww - t [ 7 
The way of deducing theſe Expreſſions, from the 


foregoing ones, is extremely eaſy: For, if A be put to 
denote the Arch whoſe Radius is Unity, and whoſe 


is equa 


, 20 
Verſed ſine, Right-ſine, Tangent, or Secant is — (ac- 


cording to the different Caſes here ſpecified.) Then, 
becauſe ſimilar Arcs, of unequal Circles, are as their 


Radii, 


zu fading the Length of Cue. 169 
Radii, it will be 1: 4: 4: (44) the Length of the | 
Arch AR ( ſee the Figure.) Therefore, the Fluent of 
!!...  o WIRE 2) bein 
—— (or , putting w=x , 
IS. oy V 2aw—w** ON IE 8 


= aA (AR), chat of = muſt neceſſarily be 


2 4: And in the very ſame Manner the other Forms 
are made out. . 


EXAMPLE VI. 
143. Let the proprſed Curve be the common Cyelbid. 


Then, if the Radius AO of the generating gemi - circle? ® See Fig; 
be denoted mY a, we ſhall have BR ax -; and 2 


added to ( bh the F luxion of AR or its 
= Zar 


Equal RS ( given by the preceding Article we 


20X—xX xXX 2a —y & 


thence get —ͤ— — — — 
| 24x - ** 22— 2 
V x* X 24—x*E 
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1 2 


EY ; 
27 — , for the true Fluxion of the Onde BS 


of the Cycloid. | - 
Hence = . A E 78 & N -& — * Art. 13% 
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2a gow 2 —4 5 
— ="2a Xx =; and conſequently, by taking 
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A | 
the Fluent, I 20 x : X ＋ = 2 2ax = the Arch 
AS of the Cycloid. : 
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EXAMPLE VII. 


144. N berein it is required to determine the Length of 
the Arch of the common Hyperbola. 


In this Caſe (the Semi-tranſverſe Axis being repre- 
_ by b, and the Semi-conjugate by c) we have 
— = 2bx + x*; and therefore x = ”% — 


5 7 
, and z ( V+) 


— þ Hence x = 


/ f+5f 
15 þ2 y® y® a 35 a 
3 FF =— = 3} 1+ —— ; which, 
ce c ＋ 4 


by converting 2 into an Infinite Series, becomes 


202 2 2,,6 2,,8 
„ir- oe, Bur dil 
ve have the Square Root to extract; In order thereto 
let it be afſumed = 1 + A + By* + Cy*-þ Dy* &c. 
Then, by ſquaring, and tranſpoſing (Vid. Art. 98.) 
there ariſes | | | 
1+2Ay*+2By*+2Cy*+2Dy* &c. 
+A%Y*+2ABy*Þ2ACp* &c. 


| +B*y* &c. | 22 0 
3 þz 52 $ 
IX TX - , e. 
N hz — 2 
Hence A = — B - — 1A — 
1 BY 5 þ* þ4 þ6 
— 77 C= ABS 2A + 3 rect 


Sc. Sc. Therefore £ (=3/ 1+ Se, N 
TITS ee. Po FI 
1+Ay*+ By* Cc.) =» 25 Rn +53 X 
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6 


; go” 
79 95 1 R 16612 X y*3 J Sec. And conſe- 


EET * 
" z=5+ 7 A 5 x + 


b* 6⁵ 
FI +57 7+ 7 8:5 = oy 


By = very ſame way of proceeding the Arch of 
an Ellipſis may be found, the Equations of the two 
Curves differing in nothing but their FO 


: — - | 
GS T3 0: T6: IA, 


The Application of FL uxloxs in inveftigating | 
the Contents of Solid. 


145. 1 ET ABC repreſent any Solid; conceived to 
be generated (or deſcribed) by a Plane 12 
paſſing over it, with a parallel Motion: Let Hh (per 
ave IM to cher taken to expreſs the Fluxion of 
AH (x) or the Velocity with which the W 
Plane is carry'd ; 
alſo let the Area of 
the Part, EmPFn, 
of the Plane inter- 
cepted by, or con- 
tained in, the Solid, 
be denoted by A: 
Then it follows, 
from Art. 2 and 5. 
that the Fluxion of i 
the Solid AEF, will c 


be expreſſed by * B K 


From whence, 
expounding A in 1 of x, (according to the Nature 
of the Figure) and then taking the Fluent, the Content 
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of the Solid (which we ſhall, always, hereafter repreſent 
by s) will be given. 

But, when the propoſed Solid is that arifing from the 
Revolution of any given Curve AEB about AHD, as 
an Axis, the Fluxion ( 5) of the Solidity may be ex- 
hibited in a Manner more convenient for Practice: For, 

® Art. 124. putting the Area (3, 141592 c.“) of the Circle, whoſe 
Radius is Unity, =p, and the Ordinate EH = y, it 
will be 1*: y* :: Pp: () the Area of the Circle Em Fn, 
which being wrote above inſtead of A, we have 5 


= fy*x. The Uſe of which will be ſufficiently ſhewn 
in the following Examples. 


EXAMPLE I. 


146. Let it be propoſed to 3 the Confont of a 
Cone ABC 


Put the given Altitude (AD) of the Cone Sa, and 
the Semi- diameter (BD) of its Baſe = þ Then, the 
Diftance (AF) of the Circle EG, from the Vertex A, 
being denoted by x, &c. we have, by fimilar Triangles, 


as 4: bu: EF (% = yay Whence, in this Caſe, 5 


__ x*x 


(= gj* 4) = 3 and 


pb x 
conſequently 3 = 72 5 


which, when x=a (= AD) 
Fg 52 : 
gives e (=þXBD*XZAD) 


for the Content of the whole 
Cone ABC. Which appears, 
from once, to be juſt + of a Cylinder of the ſame Baſe 
and aw 


— 51 


in finding the Contents of Solids, 


EXAMPLE II. 


147. Where, let the Solid propoſed be a parabolic Conoid, 
or that ariſing from the Revolution of any Kind of 
Paralola about its Axis. 


Then, from the Equation Ea =y" „ of the ge- 
th og eo 
nerating Curve, we get y ® Xx®, and 5s (=jy*#) 
2027 2n — 


— — 


r ö; and therefore s = pa X 


D * SITE the Content of the Solid; 
which therefore is to (py*x) the Content of the circum- 
ſcribing Cylinder, as m to 22. Whence the Solid 
generated by the conical Parabola (where m = 2, and 
* I) appears to be juſt ; of its circumſcribing Cy- 
nder. : | 


EXAMPLE 1 
148. Let the propoſed Solid AFBH be 4 Spheroid. 


In which Caſe, putting the Axis AB, about which 
the Solid is generated, = a, and the other Axis FH, 
of the generating Ellipſis = 5, it follows, from the 


Property of the Ellipſis, that *: 6 ·: x X 4 
: | 1 | 
(AD X BD) :* DE) = x az—ax: Whence 


2 


we have 5 (= yi) == X axx — a*x and * Art. 144, 


ba TP 
12 2 X Tarn Ir = the Segment AIE, Which, 


when 
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when AD (x) = AB (4), 


, 352 x + IHR 
becomes (= XN 


$ pab = the Content 
of the whole Spheroid, 
Where, if ö (FH) be taken 
=a (AB) we fhall alſo 
get 4 pa® for the true Con- 
tent of the Sphere whoſe 
Diameter is a, Hence a 
Sphere, or a Spheroid, is 2 
of its circumſcribing Cy- 
linder ; for the Area of the 
Circle FH being expreſſed 


by — the Content of the Cylinder whoſe Diameter 
pb 23 


is FH, and Altitude AB, will therefore be 2 4 


of which 4 pab?*, is, evidently, two third Parts, 


EXAMPLE 1V. 


149. Let the Solid, whoſe Content you would be 
. the hyperbolical Conoid, * 


A N f 
RF, þ 
9 
Wh 
ay 
'S (F 
1 
Aja) 
i" N þ 
Hr 
11.8 
4 19 , 
1 5 5 
. 
4 * 
14 
i} N „ 
N 1 
1 
$f 1 
{ ; 4 
7 
* 
| ? 
1 
1 H 
+ 
» is | 
* C 
i 40 
W443 ' 
MLS 
14 
'+ : 
1% 
Y 8 
439 44 
. 
4 
7 j 
wy * 
4 1 
+ T2 
ie 
14 1 
1 
4 
n 
45 
J . 3 
{a 
f tis 
7 \ k 
l $ * 
WK 
iS j 
; * 
1 
734, 
; U 
1 
FU is : 
(| 
; . 
FL 
1 
14 
44 
\ #0 
10 
x 
ſ # 
4 
# . 
We F 
i 
4 I. 
[2] 
43 
'$ 
{'% 
47% 
i 
1 
3 
'i 
1 
* *4 
4 
P 4 | 
4 4 
+4! 7 
0 wi 
4 
ol x 
166" 
3 q 
1 
14 
9 
41748 
17 
. 15 
15 


1113 
. 
13 
11 
. : — 
i 
1 


SEE > 
Then, from the Equation, y* = — X ax + xx, of 


, * 
the generating Hyperbola, we have 5 (p ) = 


RIES 2 3 
X axx+x*x, and conſequently 5s = 5 X Tax ＋ Ax 
= the Content of the Conoid ; which therefore is to 
| (55 X ax + x* X x) that of a Cylinder of the ſame 


Baſe and Altitude, as 14 +* x to a + x. This Ratio, 
if x be extremely ſmall, will become as 1 to 2 very 
nearly: Whence it may be inferr'd, that the Content 
£ | | 0 


LY 


in finding the Contents of Solids. 


of a very ſmall Part of any Solid, generated by a Curve, 
whoſe Ray of Curvature at the Vertex is a finite Quan- 
tity, is half that of a Cylinder of the ſame Baſe and Al- 
titude, very nearly: Becauſe any ſuch Curve, for a ſmall 
Diſtance, will differ inſenſibly from an Hyperbola, whoſe 
Radius of Curvature, at the Vertex, is the ſame. | 

This might have been inferred, either, from the 
common parabolic Conoid, or the Spheroid, in the pre- 
ceding Examples ; . but other Obſervations would not al- 
low Room for it there. 


EXAMPLE.V. 


150. In which the propoſed Solid is that ariſing from the 
Rotation of the Ciſſoid of Diocles, about its Axis, 


Here, * being * a —- & 
px 

4a— * 
is rational and the variable Quantity in the Numerator 
of ſeveral Dimenſions, it will be neceſſary to divide the 
latter by the former, in order to obtain the Fluent, by 
leſſening the Number of Dimenſions: Thus, dividing 


pr by -a, according to the Manner of compound 
Quantities, the Work will ſtand thus: 
- fa) px*x—0 (—px*x—paxx—þpa*s 
px*x—pax*x 
By — par oO 
pax 
Ia 
Teal 
1 —+pa3x 
Where, the Quotient being —px*x—paxx—p4*z; and the 
4» Ix 
Remainder pas, the Value of the given Fraction — , 
will 


But, in Caſes like this, (where the Denominator 
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a6 de Ubof Broxzons 
will 5 be truly expreſſed by i 
get += ee Whoſe Fluent, proper corrected, is 


1 = ler — pos + por bp. Le. — 
Vid. Art. 126. 4 8 


EXAMPLE VI. 


15 1. Let the Solid be that ariſin ng from the Rotation of 
the Concboid of Nicomedes about its Axis. 


The — of —— 


44. _ 

— 35 

a. Art. 4 and. 574) we have & = —— ==, and 
| PVRS 


— Fab 
n 2＋ * . r 


r 
2 wh 
33 = But, i in order for the more ea find- 
ing the Fluent there pr VF = = : #3 and then, 
y being = V Inn, r 2 we ſhall, 


b*u 
by Subſtitution, get 5 = = +þ X. er. . 


| R_—_ the Fluent of = being expreſſed by 
the Arch (4) of the Circle whoſe Radius is Unity and 


o Art, 142. Sine 7 the Fluent of the whole Expreſſion will be 


pab*XAb+pX b*u— . Which, when y, or ub, 
gives (pab x 2% + pX 3b) pb*X T pT for the 
Content of the whole Solid, when its Axis becomes in- 
finite. * 


zn finding the Contents of Soltds, 


EXAMPLE VII. 


152. Where it is required to ſinu the Content of a pa- 
rabolic Spindle ; generated by the Rotation of a given 
Parabola ACB about its Ordinate AB. 


Put CM (the Abſciſſa of the given Parabola) = a, 
and the Semi-ordinate AM (or BM) ; and, ſup- 
poſing ENF to be any Section of the Solid parallel to DC, 
let its Diſtance MN (or EP) from DC, be denoted 
by w; Then, by the Property of the Curve, we ſhall 


have All- (4) : EP* (w*) * CM (a) : CP = 
ator 


=: Therefore EN (= CM — CP) S4 — J = 


"hs 


LR 2 
—— „ and conſequently PX EN* = 75 X 
* Abi + w* = the Area of the Section EF: 
Which multiply'd by (wv) the Fluxion of MN, gives 


2 . 


7X HN =D + wow for the Fluxion of the 


bs, 2 | = 
Solidity, * whoſe: Fluent, 15 X- 36*w3þ 2205, * Art. 1454 


2 8þa*b 3 
when w becomes = 6, is 2) half the Content 


13 
of the Solid. | 
| N EX 
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* Art. 112. 


NX #rea M NEC: Which, when MN = MA, — 
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The Uſe of Fiuxtons 


EXAMPLE VIII. 


153. Let the Solid ACBD ( fee the laft Figure) be 4 
„ rg generated by the Rotation of the Segment of 4 
ircle, ACB, about its Chord, or Ordinate, AB. 


Then, if the Radius OE be put r, OM=, and 
EP = w @&c. (as before) we ſhall have OP (= 
V OE*—EP :) Vr, and EN (=OP—OM) 
= Vr'—w? — : Therefore 5, in this Caſe, is = 
pixv/rr—w—d =proxri—w f 
— paw Xr -A — ww? — D X 24\ — — 24*: 
Whence, the P luent of the Part, pc 24 7. 6 .—24 
(S adp X vw N N- - = 2% X w X EN) 


being expreſſed by 24p X Area MNEC * the Fluent 
of the A bole, or the true Value of 3, will be ex- 


preſſed by pw X ri—d—Iww* — 24þ X Area MNEC, 
or by its Equal pxxMNX AM* — 4 MN* — 2p X OM 


p X 2 AM3 — 2p Xx OM X Area ACM, for the Con- 
tent of half the Solid: Where the Area ACM may be 
found by Art. 124. or more eaſily by the common Table 
of the Areas of the Segments of a Circle; te be met 
with in moſt Books of Gauging. 


EXAMPLE NN. 
154. Let it be propoſed to find the Content of the Solid 
AEGB; whoſe four Sides AH, AF, "CH, CF are 


plane Surfaces, and its Ends ADCB, EFGH given 
Rectangles, parallel to each other. 


Let the Sides AB and AD, of the Baſe, be denoted 
by a and b; and thoſe of the Top (EH and EF) by « 


and d reſpectively ; moreover, let h expreſs the perpen- 
I diculat 


v5 ww” V5. folo 


in finding the Contents of Solids, 


dicular Height of the Solid; and let x (conſider'd as 
variable) be the Diſtance of (IL ) any Section thereof 
(parallel to the Baſe) from the Plane EG. 


om 


Ie is evident, from the Nature of the Figure, tat 
the Section IL is a Rectangle; and that 
b's:: : AB—EH : IM—EH :: BC-HG: ML — HG. 


From tals Pidparaiods we Have IM—EH = * 
b—ITX x 
5 


: Hence IM = — 


and ML—HG = 


+ c, and ML = — and conſequently the 


= 
5 


X x Tad: Which being multiply'd by 


Area of the Rectangle (IL) = 
ad — 2cd + cb 
7 
3, and the Fluent taken, there reſults _..- one 


+ — Lo + cdx for the Content of IFGL : 
+2 Which, 
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The Uſe of FLux1ons 


Which, when x = , becomes (<< = Xb , 


+ ah = 2abþad+bcÞ2d XN ) 


ad—2cd+bXh 
2 


ABXAD+EHXEF+AB+EH X AD+EF XT hb = 
the Quantity propoſed to be found. | | 
If EF (d) be ſuppoſed to vaniſh, and the Lines EH 
and FG to coincide, the Planes AEHB and DFGC 
will form an Angle or Ridge, at the Top of the Solid 
(reſembling the Roofs of ſome Buildings, whoſe Ends 
as well as Sides run up ſloping) and, in this Caſe, the 
Content, found above, will become more ſimple, being 


then expreſſed by 2ab+bcX$h, or its Equal 2AB+EH 
Xx AD Xx b. 2M 

But, if EF be ſuppoſed=EH, and AD=AB, the Solid 
will then be the Fruſtrum of a ſquare Pyramid; and its 
Content = A tac e K, =AB*+ ABXEH++EHR* 
X + h: From whence, by taking EH=0, the Content 


of the whole Pyramid whoſe Baſe is AB“, and its Al- 
titude þ, will alſo be given, being = AB* X 25. 


EXAMPLE: X. 


I55. Let the propoſed Solid be that, commonly known by 

the Name of a Grain ; whoſe Sections parallel to the 
Baſe are, all, Squares, and whereof the two Sections 

perpendicular to the Baſe, through the Middle of the 

oppoſite Sides, are Semi- circles. 5 | 

| t bcdef be 

A. any Section * 

e. lel to the Baſe; 

and let its Diſtance 

* Ab from the Ver- 

c \ 4 N tex of the Solid, 

| be denoted by x ; 

E Ft, E alſo let a . 

| B N the Radius AB 

C 5 — (or BN) of the 

elł / 


a 
in finding the Contents of Solids. , 
circular Section ABNA, perpendicular to the Baſe. 
Then, bn being (by the Property of the Circle) = 
ax — xx, the Side of the Square df, will be = 
Vain, and therefore the Area = 4 X 24x—xx 3 
whence 5 = 4 X za xx, and conſequently s = Aa 
0 5 3 

= Which, when x =a, becomes — = the 
Content of the whole Solid. 


If the Solid be a Groin of any other Kind, or ſuch, 
that its two Sections perpendicular to the Baſe, through 
the Middle of the oppoſite Sides, are any other Curves 
than Semi-circles, the Content may, till, be found in 
the ſame Manner ; and will be always in proportion to 
the Solid generated by the Revolution of the ſaid Curve 
about its Axis, as a Square, is to its inſcribed Circle. 
But, if the foreſaid perpendicular Sections be Curves of 
different Kinds, the Sections parallel to the Baſe will 
no longer be Squares, but Rectangles; whoſe Sides are 
the correſponding (double) Ordinates of the reſpective 
Curves, Thus, for Inſtance, let one Section be a Cir- 
cle and the other a Parabola, whoſe Ordinates, to the 


common Abſciſſa x, are expreſſed by Vdx—xx and 
V ax,reſpeQively; then the Sides of the rectangulardection, 
parallel to the Baſe of the Groin, will be 2 dx—xx and 
2Wax: Whence the Area of that Section is = 4x 
Va ar, and therefore s 4 V ar: 
Where, by taking the Fluent, s = 

16% ad — 4 X I—D* X 16d Þ 24x 


15 
Content of ſuch a Solid. | 


= the true 
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that AP* (a*) : AQ (x*) :: BDC (5) : EFG = = 


The Uſe of Fux1ons 


EXAMPLE XL 


156, Where the Solid BACD propeſed is @ hind of Cone, 
or Pyramid; form'd by conceiving Right-lines to be 
drawn from every Point in the Perimeter of any given 
Plane BDC, to a given Point, or Vertex, A above 
that Plane, 


A Let EFG be any 
Section parallel to BDC, 
wjhoſe perpendicular Di- 
ſtance (AQ) from the 
Q Vertex let be denoted by 
x 3 moreover, let the 
whole given Altitude 
(AP) of the Solid be put 
=4, and the Area of 
P the Baſe BDC (which is 


* SD alfo ſuppoſed given) = 6. 
In the firſt place, it is 
| eaſy to conceive that the 


© - Planes BDC and EFG 

muſt be ſimilar: And 
therefore, ſince ſimilar Figures are to each other as the 
Squares of their like Sides, or Dimenſions, it follows 


2 


bx*x bs* ba 
Whenee 5 = —>, and conſequently 5 = = = 3 


ramid, let the Figure of its Baſe be what it will, is 
always had by multiplying the Area of the Baſe by 4 
of the Altitude. | | | 


E X- 
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EXAMPLE XII. 


157. Where it is propoſed to find the Content of the 
Ungula EFGC, cut off from a given Cone, ABC, 
by a Plane EFG paſling through the Baſe thereof. 


on 8 
| M e * 
— — 
. ö * 
—7 eLervenocenioeccocis 
K L 5 


Let AD be the perpendicular Height of the Cone, 
alfo let AM be perpendicular to HE, the Axis of the 
Section FEG, and let FAG be another Section of the 
Cone, thro' FG and the Vertex A. | 

Since the Solids CAFG and EAFG, whoſe Baſes are 


FCG, and FEG, come under the Form ſpecified in the 
preceding Example, their Contents will therefore be ex- 


preſſed by FCG *; AD and FEG X AM refpeRtive- 

| - 'FCGXAD—FEGXAM 
ly : Whoſe Difference, — 8 
is the Solidity of the Ungu/a CEFG : Where the Baſes 
FCG and FEG being conic Sections, their Areas will be 
given by Art.115. 124 and 129. from whence the whole 


7 


will be known. Thus, if HE be ſuppoſed parallel to 


AB, the Section FEG, then being a Parabola, its Area 


will be = 3 x FGXEH * : Whence the Solidity of the «Art. 113. 
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* Art. 124 
nd 130. 
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The Uſe of Fruxrons 


Segment EFGA is = 3 X FG X EH X AM: Which 
being deducted from that of CFGA (found by Help of 
the common Table of circular Segments) the Re- 
mainder will be the Content of the Ungula. But, if the 
Axis EH produced, cuts AB, the Section EEG will be 
a Segment of an Ellipſis EFEG ; whoſe conjugate 
Axis (ſuppoſing EN and KL perpendicular to AD) is 
=2V ENXKL *. Now, in order to compute the 
Content, the eaſieſt way, in this Caſe, let the Ratio of 


EH to EK (which is given by Trigonometry) be ex- 
preſſed by that of m to Unity, and let the Ratio of CH 


to CB, be as n to Unity: And from the common Ta- 


ble of Segments (adapted to the Circle whoſe Diameter 
is Unity) let the Areas anſwering to the verſed Sines m 
and n, be taken and denoted by M and N reſpective- 


ly : Then, the Area of FEG being = M Xx EK x 


2VEN X KL, and that of FCG = N X BC* ®, the 
Content of the Ungula, by ſubſtifluting thefe Values, 
will become = + NXBC*XAD— MX EKX AMX 
2VEN Xx KL: But, ſince AM: AE :: KQ (perpen- 
dicular to Ac): KE; and AN: AE : KQ;KI, it 
follows, by Equality, that AM Xx KE = AN Xx KI; 
whence the Content of the Ungula is alſo expreſſed by 
Z NX BC* X AD - MXANXKI x 2V/ENXEL. 
Which, if H be ſuppoſed to coincide with B, and Kl 
| (0: 78539 


with BC, will become . . x BC'X AD— 


3 
_ &c. XANXBCX 2V/ENXBD) 2. 26179 


Sc. X BC X BEXAD—2ANX\/EN% BD. 


When the Seftion EFG is an Hyperbola, its Area 
may be found by means of a Table of Logarithms (in- 
ſtead of a Table of Segments) whence the Content of 
the Ungula will likewiſe be had in that Caſe. 
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E X AM pP L E XIII. 


158. Let AFC, or AGD, be a Curve of any Kind; 
whoſe Area, and the Content of the Solid ariſing from 
its Rotation about its Axis, or Ordinate, AB, are 
both known; ttis propoſed to find, from thence, the 
Content of the Solid generated by the Revolution of 
that Curve about any other Line PR parallel to the 
ſaid Axis or Ordinate AB. 


| Let AP, FQ, and CR Ri 0 
all perpendicular to A „ 
and to the Axis of Motion | 

PR; alſo let AP (or | 
EQ) Sa, AE, conſider'd E 7 
as variable, =w, the Area A 
AFE, or AEG = M, and 
the Solid, ariſing from its | - 
Revolution about AB, = =g | 

N. It is plain that the 3 G D 
Area of the Circle gene- 


rated by QF will be =p X | | | ® Art. 14. 


FO. =p X a + EF“ : ( 
= pa* ＋ 2pa X EF + pX P - 
EF“; from which de- Q 

ducting the Area, pa*, ge- 

nerated by QE, the Remainder, 2paxXEF+pXEF?, 

will be the Area of the Annulus generated by EF: 
Whence the Fluxion of the Solid generated by AEF 

is truly repreſented by 2p X EF X wv + pv X EF* þ :t Art. 145- 
And, in the ſame manner, it will appear that the 

Fluxion of the Solid generated by AEG is 2paXEGXwv 
—pwXEG*. But the Fluent of EFXw» (or EGXw) 


is == the Area (A) of AEF (or AEG), and that of Art. 112. 


 pwXEF* (or prwXEG*) equal to (N) the given Solid 


atiſing from that Area + ; therefore the Fluent of the Art. 145. 


Whole, or the Solidity required, is 2pa44+N, in the 
former Caſe, and 2paM— in the latter; where 2pa, 
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in either Caſe, expreſſes the Periphery of the Cylinder 
deſcribed by AB, about the Axis of Rotation PR. 
Hence, if ABC and ABD are equal and fimilar to 
each other, then the Value of 44 &c.. being the ſame in 
both Caſes, it follows that the Content of the Solid ge- 
nerated by AFG will be expreſſed by 2p X 24, or 


1 


2b X Area AFG. 


Art. 148. 


® Art, 146. 


Art. 115. 


+ Art. 152, 


Now, if (for Example ſake) ACD be ſuppoſed a 
Circle, whoſe Semi-diameter is d, the Area of that 
Circle being pd, the Solid generated by its Revolu- 
tion (repreſenting the Ring of an Anchor) will therefore 
be = 2pa X pd = 2p*ad*, But if you would know 
the Content of the Part generated by the upper Semi- 
circle BAC, or the lower one BAD, let the Content 


VE | 
( = of a Sphere whoſe Semi- diameter is d, be wrote 


for N, in each of the two foregoing Expreſſions, and you 
| C 

will then get p*ad* + 7 and p*ad* — DS 2 

Again, if AFC, and AG be taken as Right-lines, 

ABXBC ABXBD 

7 (or and N 

—=þXBC*X AB (or pXBD* X 5 AB) *: Hence the 

Solid generated by the Triangle ABC is ( = 2pa X 


APE +2 x BC: X AB) =f N AB X BC x 


you will have A = 


2 
RB TBC; and that generated by ABD (= 2pa * 
—- X BD X AB) =p X AB x BD X 


RB —TBD. 
Laftly, let ABC (or ABD) be conſidered as a Pa- 


rabola, whaſe Ordinate is AB, and Axis CB (or DB): 


Then M being here = 3 ABXBC (or 3 AB X BD) * 


8. >. 
and N= X A x BC* + (or 5” x AB X BD') 


NR 


in finding the Super ficies of Solids. 
it follows that the Solid generated by ABC will be 


(= aba X 3 AB X BC + = X AB X BC) = 4 N 


AB X BC X — and that generated by ABD 


5BR—2BD 
15 


* 


=4þ AB Xx BD X — 


2 * 9 * * — 


SECTION X. 


The Uſe of Fluxions in finding the Super fictes 
of ſolid Bodies. 


159. ] E T FAF repre- 
ſent a Solid ge- 
by the Revolution of 


any given Curve AF about 
its Axis AH; alſo let a 
Circle, whoſe Diameter is 

the variable Line (or Ordi- 
nate) RBR, be conceived 
to move uniformly from A 
towards FF, and to dilate 
itſelf ſo, on all Sides, at the 
ſame time, as to generate, 
by its Periphery, the pro- 
poſed Superficies RAR : 

Then, the Length of that 
Periphery, or the generating 
Line, being expreſſed b 

3,141592 ® Cc. X R 

(= 2py) and the C 


with which it moves by z * 


the Fluxion of the Superficies RAR, or the Space oy 
wo 


® Art, 142. 


At. 135. 


? 
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would be uniformly generated in the time of deſcribing 
æ, will therefore be truly repreſented by 2pyz. 

Hence, if w be taken to repreſent the whole Surface 
RAR, generated from the Beginning (according to the 
Method obſerved in the three laſt Sections) we ſhall 


Art. 135. have ay = 25% = 25 5 * whence w itſelf 
may be found. 


EXAMPLE I. 


160, Let it be propoſed to determine the convex Super- 
ficies of a Cone ABC. 


Then, the Semi-diameter of the Baſe (BD, or CD) 
being put , the flanting Line, or Hypothenuſe, 
AC c, and FH (parallel to DC) y c. we ſhall, 
from the Similarity of the Triangles ADC and Hh, 


* Art, 159. have: c:: 5 (mb): 4 (Hb) : Whence «v (apy) 


2þcyy | 3 
= * and conſequently w = — This, when 


vex Superficies of the whole 
Cone ABC: Which there- 
fore is equal to a Rectangle 
under half the Circumference 
of the Baſe and the ſlanting 
Line. 


in finding the Superficies of Solid. 189 


EXAMPLE II. 


161, Let the Solid, whoſe Surface you would find, 
be a Sphere AEBH. 


In which Caſe, putting the Radius OH=a, AF x, 
Hm = x, &c. we ſhall (by reaſon of the ſimilar Tri- 


angles OHF and Hmb *) have y (FH): a (OH) :: A 68, 
x (Hm): & (Hb) = 54 Therefore ww ( 2pyz 2 


2þax ; and conſequently A 
the Superficies (w) itſelf 
= 2pax = AF X Periph. 
AEBH. Which, if the + 
whole Sphere be taken, 
will become AB X Pe- 
riphb. AEBH = four times 
the Area BEAHO. 

Hence the Superficies 
of a Sphere is equal to 
four times the Area of 
its greateſt Circle: And 


the convex Superficies of any Segment thereof, is to that 
of the ¶ hole, as the Axis (or Thickneſs) of the Seg- 
ment to the Diameter of the Sphere, 


EXAMPLE II. . 


162. Wherein let the parabolic Conoid be propoſed. 
The Equation of the generating Parabola being 


7 2 
ag ==, or x= =, we have x = =, and therefore 


5 (= FFF) =\/ po . un 


Fluent 
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; 3 
apr 
Fluent is 5 — 5 z which corrected (by ſup. 


3 
22 IT * 2 
Art. 79. poſing y =0®) gives — =, for theSu- 
EXAMPLE 1V. 


163. Let it be required to determine the Super ficies 
of a Spheroid. ö 


Let ACFHG repreſent one half of the propoſed 
Spheroid, generated by the Rotation of the Semi-ellipſis 
FAG, about its Axis AH ; put AH=a, FH (or HG) 
Dc, BH=x, BC=y, FC=z, and the Superficies ge- 

_ nerated by FC (or GD) = w: Then, from the Na- 


S 


ture of the Ellipſis, we have = ; whence 


Cxx © 


n and conſequently s (= / #*+;5* ®) 


= 


p 


in nds the Aa of Solids. 


NE L ger „ LA * A 
4&4 — a aa—xx 


Poo 
Oy = ( by putting (the Excentricity ) 
3 
V., ) = — — : Therefore, in 
Ar 
x 7 
this Cale, uv (2e == © — 3 whoſe 
Fluent, in an Infinite * is 2þcxy X 
1 4 — > yo n But the ſame 


2. 3a. 2.4-56* 2. 4.6. 7a*? 
Fluent may be, — very _ exhibited by means 
of the Area of a Cirdle : 2 if from the Center H, 


with a Radius equal to 7 , a Circle SER be deſcribed, 
and the Ordinate BC be 2] to interſe& it in E, 
it is evident that BE = 3 and that the 
0 

Fluxion ion of the Area ESHB will be expreſſed by * 
Ji. 

28 
the "a before found, in the conftant Ratio of 1 to 
r, their Fluents muſt therefore be in the ſame Ra- 


tio; and ſo the latter, expreſſing the Superficies CFYGD, 


FH 
will conſequently be = = X BESFH = 20 X N HS 


XBESFH. 
This Solution, it may be obſerved, obtains only in 
Caſe of an oblong — generated by the Rotation 


of the Ellipſis about its greater Axis; for, in an oblate 
Spheroid, 
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Spheroid, generated about the leſſer Axis, the Value of þ 


(Va ) will be impoſſible; ſince, in this Caſe 
HF is greater than 259 But, if we, here, put 5 


ca, and d = 7. the Value of wv (found above) 
2pbcx 


W* > 2 * 
4* rr d V T x 


will become. = 


it L Xs Ve Whoſe Fluent may be 


Art. 77. 


® Art, 78. 


this, corrected ® and multiply'd by 4, gives 5 


brought out by help of a Table of Logarithms : 
For, let the variable Part + Vd be tranſ- 
D _ Os dx + x Fn dk r -x 
formed to 
Vir; Vi, N 
xz + * ITcdxs . Fs . 
— l WY Sri x + x 2 1 


| Ratio to the Fluxion of the RE under the radical 


Sign) may be had by the common Rule“; by which 


©, means we get Z Vdx TAN, for the true Fluent of the 


ſaid Term; to which adding the Fluent of the other 
' $4*xx Id*x 

Term . 7 (gi given by Art, 

126.) there ariſes d + x* + £4* Xx hyp. Log. 

VAI for the Fluent of Vi: And 


* 


V d*+x* + ped X hyp. Log. . for the 


Superficies in this Caſe, where the 5 Spheroid is 
an oblate One. | 


E X- 


in finding the Super ficies of Solids. 
EXAMPLE V. 


$64. Let the Solid, whoſe Superficies is ſought, be the 
hyperbolical Conoid. 


Let the ſerni-tranſverſe Axis, of the generating Hy- 


perbola, =a, the ſemi-conjugate c, and the Diſtance 
of any Ordinate from the Center thereof = x ; then 
from the Nature of the Curve you will have y = 


c E 5 n : 
a; whence j = —7 * = 


J 
4. a XX — aa 


i Vi + “* X x* — @*+ 
n= — aa f 


8 


„ and & (2698) = 52 


Mea Feck ana; which laſt Value, if d* be put = 
4⁴ | | | 


LS will be more commodiouſly expreſſed by 


2þcx , 


77 : Wheteof the Fluent, by proceeding - 


as in the latter Part of the foregoing Example, will 


come out = £ —.— 2 ped X hyp, Log. 


14 d.: Which corrected (by taking x — a) 


becomes 175 * ** — 44 pe*, — ped X byp. Log. 


— „the true Meaſure of the required Su- 
++ — perficies. > | 


EXAMPLE VI. 


16s. Let it be propoſed to find the Superficies of the 


Solid called a Groin, (Vid. Art. 155.) 


Let bcdef be any Section of the Solid parallel to the 
Baſe thereof, and let x denote its Diſtance from the 
O Vertex 
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| Vertex A, alſo put z equal to the correſponding Arch 
| An of the ſemi-circular Section NnA Ec, whoſe Radius 


| AB or BN let be denoted by a. 

A | 

| 2 

e ans 
, : 
= \*\ \J)s 
E 
C SK + | 


ax 


Tt appears from Art. 161, that * = — — 


Which Value, multiply'd by (2 W 2ax — xx) that of 
® Art. 159. de (bn) gives 24x * for the Fluxion of one of the four 
| equal convex Superficies by which the Solid is bounded. 
Hence the whole Superficies (excluding the Baſe) comes 
out = 8a*: Which therefore is exactly equal to twice 

the Baſe. | ; 

If the Solid be ſuppoſed a Groin of any other Kind, 
ſuch that its two equal Sections, thro* the Middle of 
the oppoſite Sides, are other Curves than Circles, the 
Superficies may /?i/l be had in the ſame manner; and 
will be always in proportion to the Superficies ariſing 
from the Revolution of either of the ſaid equal Curves 
about its Axis, as a Square. is to its inſcribed Circle. 
Thus, the Superficies of a parabolic Conoid being = 


3 
pa- 
— 2 — 5 (H Art. 162.) the convex 


| Superficies of the Groin, ſuppoſing the generating 
Curve AnN to be a Parabola, will therefore be = 
. 


4 X @* + 4yy 2 4⁴⁵ 


| ba 6* 


' E X- 
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EXAMPLE VI. 


166. Wherein let it be required to find the convex 1 25 
ficies of a conical Ungula ECFD ; formed by a Plane 
DFE paſling thro? the Baſe of the Cone. 


Let a right-angled Triangle AOM (whoſe Baſe OM 
is the Radius of the Circle BDCE) be ſuppoſed to re- 
volve about the Axis AO; whilſt a Right-line NP, 
drawn perpendicular to OM from the Interſection of 
AM and the Arch EFD, traces out, upon the Baſe of 
the Cone, the curve-line EPGD. | 


If MPOAN and AN 
mpO An be conſi- 
dered as two Po- 
ſitions of the ge- 


nerating Triangle 
indefinitely near to 
, each other, it is 


evident that the 
5 Space Man, ge- 
r nerated by AM, 
will be to the 


Space MOm, ge- i 
nerated by OM : 
: 23 AM to OM, | in 
or OB. Whence, 1 H O D * E SQ 
5 MN and MP be- M n 
ing proportional E 


Parts of AM and 

OM - (becauſe NP is parallel to AO) it is likewiſe 
plain that the Spaces MNum and MPpm, generated by 
thoſe Parts, will be to each other in the ſame Ratio of 
AM to OB. And, ſince this every where holds, it 
follows that the whole Space (ENM) &*. generated by 
MN, will be to that (EPM) generated by PM, as AM 
to OB: And ſo the whole required Superficies (generated 


AM 
by AM) is truly repreſented by Sh x Area EPGDCE, 
p : O 2 But 


7 


* 


1108 
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But now, to find this Area, EPGDCE, it is ob- 
ſervable that the Arca of the Plane DFE (being the 
Segment of a Conic-ſeQion) is given, by Art. 115. 129 
or 130. And it is very eaſy to apprehend and de- 
monſtrate that the Area ſo given will be to that of 
EGDH, as the Radius to the Co-fine of the Angle of 
the Inclination of the ſaid Plane to the Baſe, or as HF 


; J H 
to HG. Therefore, ſeeing EGDH is = 75 XEF D, 
we have EPGDCE ( = ECDHE — EGDH ) '= 
EC HC x EFD oy 
DHE — HF X Fi and conſequently OB X* 


AM AM Xx HG 
EPGCDE = OB XxX ECDHE — BDI * 


EFD = the convex Superficies that was to be found. 
If the Point H be ſuppoſed to coincide with B, 
ECDHE will become the whole Circle CB; and EDF 
will become a whole Ellipſis, whoſe greater Axis is BF, 
* Art. 41. and its leſſer Axis = 2 OBXOG. * Therefore, the 
+ Art. 124. Area of the former Figure will be expreſſed by pxBO* +, 


and that of the latter by p X BF & VOBX OG; 
and ſo the convex Superficies of the Part BFC will be 
(= SB Xp X BO*— LS Xp XEBF x 
IBN 0G) — }XAMXOB—pXAM X £ BG x 

88. Which being deducted from (p X AM x 


OB) the Superficies of he whole Cone BAC, there 
5 OG | 
reſts >XAMX Z BGX "F 55 for the Superficies of 


the oblique Cone BAF; which from hence is alſo given. 


Sc Ho- 


in finding the Super ficies of Solids. 


SCHOLIUM. 


167. In moſt of the Examples, delivered in 
the four laſt Sections, the Part of the propoſed 
Figure next the Vertex, 1 
whether, a Curve, Solid, R C 
or Superficies, is firſt E. 
found; from whence, by 
taking the Altitude (x) | 
of that Part equal to (a) p 
the Altitude given, the A B 
Content of the Hole is 
deduced: But, if the 


Content of the lower Seg- 


ment (BCED) of any 1 | 
Figure (ABC) ariſing by 1 W 
taking away a Part (ADE) 


next the Vertex, be required; then the Difference be- 
tween the hole and the Part taken away (found as 
before explained) will be the Quantity ſought. 

Thus,. for Example, let ABC be the common Pa- 
rabola, and let it be propoſed to find the Content of the 
Part, BCED, included between any two Ordinates 
BC (5) and DE (c) at a given Diſtance BD (d) from 
each other: Then, the Equation of the Curve being 


197 


3 : 2 LE 
ax, we have x = =, and therefore * * = — * Art, 112, 


; | 
whoſe Fluent 2 is a general Expreſſion for the Area 


comprehended between the Vertex and the Ordinate y : 
Whence, expounding y, by 6 and c ſucceſſively, we get 
265 $87.5 

— and - for the correſponding Values of ABC and 


3a 3a 
| : 233 — 2c : 
ADE; whoſe Difference IR is the required Area 


BCED: But, to expreſs the ſame independent of a, it 
will be, by the Property of the Curve, b: c*:: AB: AD; 
| O 3 whence, 


= | 
The Uſe of FL vxfoxs 
whence, by Diviſion, bb“: b*—c :: AB: BD (d) and 


þb* — 4 b> 


conſequently ＋ = xp=* which firſt Value being 


wrote inſtead of a, there reſults BCED = Cr 
24d biber 
PIES * bre 

After the ſame Manner, the Segments of other Fi- 

gures may be found ; but in many Caſes they will be 


more readily had from a direct Inveſtigation, without 
either finding the Whole or the Part taken away. 


Thus, in the Caſe above, if the Exceſs of any Or- 
dinate RP above DE (c) be denoted by w, we ſhall 
have, by the Property of the Curve, b*— c* (BC*— 


DE*) 4D — * (RP*—DE?) :: DB (a): DP= 


. — : whoſe Fluxion ( d X 


2.0% ＋ 2WWw 
b* — c 

multiply'd by c +w (=PR) gives d & 

2c] cao + 2Tuπ⁹¼ | | 

— X — e the Fluxion of the Area 


be truly expounded by 2d Xb—cX56*+$be+ 45 


— 
„ 24 cc 8 
or its Equal, I X — the ſame as before. 


Again, for another Example, let CE Dec be conſi- 
der'd as the lower Fruſtrum of an Hemiſphere, whoſe 
Center is the Point B: Then, BP being, here, denoted 
by w, we ſhall have)“ (= BR — BP.) = — uf, 


® Art. 145. and conſequently py*<v ® = N Pay way ; whoſe 


Fluent 


in finding the Super ficies of Solids, 
Fluent (& b*W— $3 = 34þw X 36˙— > =21pwX 
FF =w =}poX2 FF =D BPX 


2BC* + PR*) is the true Content of the Part CEDec ; 


which will alſo hold when the Figure is a Spheroid: 

This laſt Method, of finding the Content of a Por- 
tion of a Figure, remote from the Vertex, will be of 
Service, when the general Value, for the hole, can- 
not be expreſſed without an Infinite Series; becauſe 
ſuch a Series, in that Caſe, not coverging, becomes 
uſeleſs *, 

By dividing the whole propoſed Figure, AHW, into 
2 Number of ſuch Portions, HV, GT, FS, &c, the 
Content thereof may be obtained, when to find it at 
once, by a Series, commencing from the Vertex, would 
be altogether impracticable. 


B CMD E Þ EG 
But, to render ſuch an Operation as ſhort and eaſy 


as may be, it will be proper to find each Part (DQ, &c.) 
of the Figure, by means of a Series proceeding both 
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Art. 93. 


Ways, from the middle Ordinate (MN) between the 


two correſponding Extremes (CR and DR.) 

Thus, let the Value of MN (found by the Property of 
the Curve) be denoted by 4; and let the Value of DR, 
in a Series, be repreſented by a+bx-þcx*+dx*ex*+ 
fx*+ c. where x=MD ; then the Area MDRN will 


be repreſented by the Fluent of & Xa+bx+ca*+dx*+ 
| O4 &c, 
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b cx* dx3 
&c. or by «Xa+L +++ Se. And, 
by writing —x inſtead of x, the Ordinate CQ will be ex- 
preſſed by 898 Sc. Fe the Area MCON, 


Cx? xs 


by 1 7 * whence the 


Therefore, if DE, EF, FG, = GH be SR 
each, = BC (2x) and the Areas DS, ET, Sc. (found 


as above) be denoted by 2x Xa+< 2 7 Sc. and 


22 * a + = — rr A. reſpectively, it follows that 
the Area R. Ds +ET will be repreſented by 2x X 


a+a+a Cc. þx3 X TTT &c. +3 x X 


e+e 4 7 &c. x 
Run W An Example will ſhew 


'Q 7} N the Uſe of this laſt Expreſ- 
| ſion: Let CHWQ be a 
Portion of a Quadrant 


HAW of a Circle, whoſe 
Baſe HC (conceived to be 
divided into four equal 
| Parts) is equal half the Ra- 
| 2 2 repreſented by 
—— * nity en, putting CM 
A CMD H ( 8 
5 =x, HM (==3) =p, and 
Hm (=) , we have, by the Property of the Cir- 


gle, a (MN) = W HN*—HM = Wi—th, - 


in finding the Superficies of Solids. 
DR (HN 5) i „ 
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Vi— 5 + 2px — * = Va α -= which, | 


5 20 — x* 2x —x I 


in a Series, is C ＋ se.) 


8 
=> pur — 2: £6 &e, Therefore, in this 
4 2a ' 243 


Caſe, b=>+, C = — — = W 5 Se. Which Va- 


lue of c, by writing 1 — a* Ning its Equal p*, will be 
reduced to — — From whence it is alſo evident 


1 P — 
that c = — (ſuppoling a (mn) = vi-) 
243 


Conſequently 2x Xa+a + a Sc. +43? X c+£ +5 


— 


Sc. +5 x3 Xe+e+7&c = a+ aXax+c+ £X 


24? 55 5 
3 64 64. - 


"3k 3X55V55 zx GHV 


S ( 
7... ͤ Pod 2d” 
, 48730 the Area, CH WO that was to be found. 


This Example, choſen as an Illuſtration of the fore- 
going Method, may indeed be wrought the common 


Way; whence the very ſame Concluſion is brought out 
ide 
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De Uſe of Fiuxtons 
(Vide Art. 124.) But that Method is alſo applicable to 


- any other Caſe, whether the Part propoſed be near to 


the Vertex, or remote from it; and whether the Figure 
itſelf be a Curve, Solid or Superficies ; ſince the Mea- 
ſure thereof may, always, be expreſſed by the Area of 
a Curve. 


There is another Way, well known to Mathemati- 


cians, whereby the Area of a Curve may be deter- 


mined, by means of a Number of equidiſtant Ordi- 
nates; which Method, derived from that of Differences, 
may, alſo, be uſed to good Purpoſe, in Caſes like thoſe 
above ſpecified : But, it having been treated of by ſeveral 
others, and alſo in my Diſſertations, the Reader will ex- 
cuſe me, if no further Notice is taken of it here. 


rr 


SECTION XI. 


Of the Uſe of FLUX1ONS in finding the 


Centers of Gravity, Percuſſion, and Oſcil- 
lation of Bodtes, 


168. HE Center of Gravity is that Point of a 
Body, by which, if it were ſuſpended, it 


would reſt in Equilibrio, in any Poſition, 


LEMM A. 


* Let p, 9, r, 5, &c. be any Number of given Weights, 


ngin2 at an inflexible Line (or Rod) AM ſuſpended 
in Equilibrio, in an horizontal Poſition, at the Point 
O; to determine the Poſition of that Point, 


Since (by Mechanics) the Force of any Weight (5) 
to raiſe the oppoſite End (M) of the Balance, is as that 
Weight drawn into its Diſtance (BO) from the Ful- 


crum, 
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crum, we ſhall, from the Equality of theſe Forces, 
have p X OB +qXx OC+r X ODS &X OE: Xx OF, 


M. E Eol D C BA | 


WLLEE 


chat is >X AO—AB+9XAO—AC4rX FOAD= 
$XAE—AO +tXAF—AO, and conſequently AO= 
þXAB +qXAC+rXAD+sXAE +? X AF 
PTT TTA | 
From which it appears, that, if each Weight be multi- 
ply'd by its Diſtance from the End (or any given Paint) 
of the Axis, the Sum of all the Products divided by the 
um of all the Weights, will give the Diſtance of the 
Center of Gravity from that End (or Paint.) 

Note. The Products here mentioned are, uſually, 
call'd the Forces, of their reſpective Weights ; not in 
reſpect to their Action at the Center O (which is ex- 
preſſed by a different Quantity) but with regard to the 
Effects they have in the Concluſion, or the Value of 
AO; which appear to be in that Ratio. 


PROPOSITION I. 


170. To determine the Center of Gravity of a Line, 
Plane, Super ficies, or Solid (admitting the three former 
capable of being affected by Gravity.) | 


Let AMBC be the propoſed Figure, and G the 
Center of Gravity thereof; thro* which, parallel to 
the Horizon, let the Line EF be drawn, interſecting 
AC, at Right-angles, in O; alſo let AK and NM be 
perpendicular to AC, and paralle! to EF. 
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Art. 145. 


The Uſe of FLuxIoNs 
R — — A. #he Figure AMB 
5 | be a Plane; let it 
: be ſuppoſed to reſt 
| WJ | in Equilibrio upon 
| 2 IN che Line EF; and 
: 1 | then, if the Line 
| | | MN be confider'd 
E | . ans N —_F as a Weight, its 
| G S Force ( defined a- 
B . „ above) will be ex- 


| preſſed by MN 
drawn into its Diſtane (AN) from the End of the Axis 
AC; that is by yz (ſuppoſing, as uſual, AN = x and 
MN=zy.) This, therefore, multiply'd by the Fluxion 
of AN, gives yxx for the Fluxion of the Force of the 
Plane AMN ; whoſe Fluent, when x = AC, expreſſes 
the Force of the whole Plane, or the Sum of all the 
Products of the Ordinates (or Weights) by their re- 
ſpective Diſtances, from AK: Which Fluent being, 
therefore, divided by the Area ABC, or the Fluent of 
y (according to the foregoing Lemma) the Quotient 
Flu, yxx 
FR) will give (AO) the Diſtance of the Center 


of Gravity from the Line AK. 


172. Caſe 2. If the Figure be a Solid; let MN be a 
Section thereof by a Plane perpendicular to the Ho- 
rizon; then, the Area of that Section being denoted by 
A, the Force thereof (confider'd as above) will be ex- 
preſſed by Ax, and the Fluxion of the Force of the Solid 
AMN by Axx 3 whoſe Fluent, divided by the Content 
of the Body, or the Fluent of Ax, gives AO, in this 
Caſe. But, if the Solid be the half (or the whole) of 
that ariſing from the Rotation of a Curve AMB about 
its Axis AC; then (putting p for the Area of the Circle 
whoſe Radius is Unity) A will become = F py* *; and 

Hu. 3 H Flu. y*xx 
conſequently AO = — Lys = Eu pz” 


173. Caſe 


— % 
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173. Caſe 3. F the Figure propiſed be the Curve: line 
AMB; then, the Force of a Particle at M being expreſſed 
by AN or MQ (+) we ſhall (putting AM = z) have 

f | 


Us X% 


174. Caſe 4. But if the Figure given be the Superficies 
generated by the Rotation of AMB about AC. 
Then, the Periphery of the Circle generated by the 


8 , Flu. 2p 
Point M being = 25, it follows that E. 17 = 


F lu, yx 


Na. ys — AO. 


EXAMPLE I. 
175. Let the Figure propoſed be the iſoſceles Triangle ABC. 


It is evident the Center 
of Gravity (O) will be A 
* 40 the ere 
ndicular : And, | 
FAO, BCA, AN M N N 
=x, and M My; the Ro: 
bx | F. | : F 


have, byCaſet, AO ( B | 2 
Flu. =) Flu. x*x Q 


Flu.yx N. | 
= 7 =2 AQ, when K = AQ; and conſe- 


A 
quently OQ = == 

In the very ſame manner, the Center of Gravity of 
any other (plane) Triangle will appear to be at I of the 


Altitude of the Triangle. 
E X- 
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EXAMPLE II. 


176. Let the Figure propoſed be a Parabola of any Kind; 


whereof the Equation is y = —— 


CO —— — — — — 

Hu. yr Flu. & * n+ 2 
the Diſtance of the Center of Gravity from the Vertex 
of the Curve. 

EXAMPLE III. 
177. Let BAC be a Segment of a Circle. 


8 Then, if the Radius thereof be put r, we ſhall 
have y (NM) V aræx — xx : Whence the Fluent of 
yx (xx Varx — xx) will, by Art. 163. be found = — 
- 
eee 
. — +XArea ANM ; which divided by AN M, 


NM: 
” Art, 171, gives TONY AN AO“. This, therefore, when 


BAC is a Semi- circle, 


„ eee e 


1000 
25 No 3 W 1, nearly. 


b . But, with reſpect to 
B 2 2 the Center of Gravity 


| of the Arch BAC; 
we have, Nu. *, (by Caſe 3.) = Fluent of 


rxx 


vV 2rx — xx _ N AM — MN; 3 and 1 5 


X VN 
AM * 


AO here = r — 
E Xo 


ory wo Yy wy 


by 
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: EXAMPLE NV. 


178. Let ABC "(ſee the preceding Figure : eſent 
: a Segment of a Sphere, or 5 ** 


In which Caſe, denoting the Axis of the Sphere, or 
Spheroid, by a, and the other Axis of the generating 


bb 
Curve, when an Ellipſis, by ö, we have y. X ax —xx; 


Flu. . Eh Flu. ax — xx X x 


Lo 2 —=* Art 173, 
and therefore NT. 7 Flu, ax —xx X A 
1 41 — f r — x* —ZX44—3 — AO 


4x 
If the Solid be an hyperbolical Conoid, the Diſtance 
(AO) of its Center of Gravity from the Vertex, will 


alſo be exhibited by the Expreſſion here brought out, 


when the negative Signs are changed to poſitive ones. 
179. In thoſe Caſes where the Figure cannot be divided 
into two Parts, equal and like to each other (as a Curve 
is by its Axis, &c.) the Poſition of two Lines EO, co 
(fee the enſuing Figure) muſt be determined, as above; 
in whoſe Interſection (G) the Center of Gravity will 


be found, f 
EXAMFLE: vV.; 
Let ABC be a Semi-parabila of any Kind ; whereof the 


x 
221 


Equation is y = 


It appears, from Ex. 2. that (AO) the Diſtance of 
EGO from the Vertex, is expreſſed by = X AC: 


But to find the Poſition of «Ge (perpendicular to EO) 
let Mu be parallel to ea, or AC; then, AN being =x, 
| and 


EY. / 
1 


50 
y * 


The 1 of FLUXIONS | 


and NM (9) = => if AC be denoted by o we 


1 
MN N 
Lag}. = 
/ | | ' 
Bl 1220 
7 C 
ſhall have Mn=6—, and MnXNM X 5= Wav 
n 1. b 20 — 1. 
— — = —.— BS for the 
a a a * 


Fluxion of the Sum of the Forces in this Caſe (Vid. 
2. 11221 
411 171.) whoſe Fluent ( 


nbxx 


122 — 12 
2na 2n-+1 1 


nx : b nx 
Fun z "ang 7 2 22 T1 


| 5 „ | 
* X poop agg or Wk I, when x =b) divided 


BC x AC I 
by the Area ABC (= 2 2 ) * — 


BC for the true Value of Co, or OG. Which, in 
caſe of the common Parabola, where n= 2, and 


where AO (= 2 2 AC) = AC, will become ICB. 


Before I leave this Subject it may not be improper 
to take notice, that, whatever Line you found your 
Calculations upon, by ſuppoſing the Figure to reft, in 

Equilibrio, 
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Eguilibrio, on that Line, the very ſame Point, for the 
Place of the Center of Gravity, will be determined. 


180. Thus, let A 
O bethe Pointin 
the Axis AC, of R 
a given Curve | 
BAD, deter- 
mined, as above, 
by ſuppoſing the E g ä 
Figure to reſt | ON | 
upon EF per- "a 
pendicular to 
AC; and let - ͤ— Py 
RS be any oO B GC S D 
ther Line paſſing 
through the Point O; then I ſay the Sum of the Mo- 
menta of the Particles on each Side of RS will, alſo, be 
equal. For, if from two Points, in any Ordinate MQ, 
equally diſtant from the middle Point N, two Perpendiculars 
mr and us be let fall upon RS, the Efficacy of thoſe two 
Points, in reſpe& to RS, will be repreſented by mr n, 
or its Equal 2NH (ſuppoſing NH alſo rw” to 
RS.) Whence the Efficacy of all the Particles in MQ, 
will be expreſſed by their Number multiply'd by NH, 
or by MQXNH: Which is to their Efficacy (MQX 
ON) when referred to the Line EF, in the conſtant 
Ratio of NH to ON, or of the Sine of the Angle 
RON to Radius. Whence it is evident that the Force 
of all the Ordinates (or the whole Curve) in the former 
Caſe, muſt be to that in the latter, in the ſame Ratio : 
But the ſaid Force, in the one Caſe, is equal to nothing 
by Hypotheſis, therefore it mult be likewiſe ſo in the 
other: And conſequently the Sum of the Momenta of 
the Particles, on each Side of RS, equal to each other. 

Much after the ſame manner the thing may be proved, 
in a Solid: Whence it will appear that there is actually 
ſuch a (fix d) Point in a Body as the Center of Gravity 
13 defined to be: Which, however evident from mecha- 
nical Conſiderations, is not fo eaſy to demonſtrate, geo- 
metrically, from the Reſolution of Forces. 
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The Uſe of Fr ux io 


PROPOSITION u. 
18 1. To determine the Center of Percuſſion of a Body, 


The Center of Percuſſion is that Point, in the Axis of 
Suſpenſion of a vibrating (or revolving) Body, at which 
it may be ſtopt, by an immoveable Obſtacle, ſo as to 
reſt thereon in Equilibria as it were, without acting upon 
the Center of Suſpenſion. 


L Let O be the 

P, Point of Suſpen- 
N : | ſion, G the Center 
B 


| 
— Q © QR of Gravity, and 


Q 
| r SLM a Section of 
- i the Body, by the 
8 Plane wherein the 
8 ; | M 


Axis of Suſpenſion 


Os performs its 
Motion; to which Section let all the Particles of the 
Body be conceived to be transferred in ſuch Parts thereof 


where they would be projected into (orthographically) 


by Lines parallel to the Axis of Motion; which Suppo- 
ſition will neither affect the Place of the Center of Gra- 
vity nor the angular Motion of the Body. 

Since the angular Velocity of any Particle P is as the 
Diſtance, or Radius, OP, its Force in the Direction, 
PB, perpendicular to OP, will be expreſſed by PXOP. 
Therefore the Efficacy of that Force upon the Axis, at 
B, in the perpendicular Direction BN (ſuppoſing the 
Axis ſtopt at C the Center of Percuſſion) will be PX 


WE... 
OP X GR» whoſe Power to turn the Body about the 


OP 


Point C is STIR of as PXOPX OB x BC =PX 


| OP'XBC _ , O D Op- x OC 


PN 


OB . = OB 
—PXOP* ; which, if PQ be made 0 i» 


ax 


es 


7 
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: O 
OS, will at laſt (becauſe GF = OQ) be reduced to 
PXOQXOC—PXOP?. By the very ſame Argument, 
the Force of any other Particle P will be denoted by 


PXxOQXOC—PXOP? Sc. Ee. But, as all theſe 
Forces muſt deſtroy one another (by the Nature of the 
Problem) the Sum of all the Quantities PXOQXOC, 


PX OQX OC, Sc. muſt therefore be == the Sum of all 
the Quantities PXOP?, PXOP® &c. and conſequently 
OC = PXOP'+PXOP*+ Se. = 
PXxXOQ+PXOQ+ c. &c. 
preceding Propoſition) the Sum of all the Quantities 


PxOQ+P xOQ+ Oc. is equal to OG x by the Con- 
tent of the Body. Therefore OC is likewiſe = 


PxOP*+PxOP*Þ+ &c. &c. 
OG x Body i 


The ſame otherwiſe. = 
Since the Force of the Particle P, in the perpendicular 


But (by the 


OP 
Direction NB, is defined by Þ x HH¹ , or its Equal, 


PxOQ, the Sum of all the Quantities PxXOQ, PxOQ, 
Sc. Sc. will expreſs the Force which, acting at C per- 
pendicular to OS, is ſufficient to ſtop the Body, without 
the Center of Suſpenſion O being any way affected: 
This Sum, therefore, drawn into OC ( = OC x 


PxOQ+Px OQ+ &c. &c.) is as the Efficacy of 


the ſaid Force to turn the Body about the Point O. But 


the Force of the Particle P, in the Direction BN being 
OP* / 
PX O;; its Efficacy to turn the Body about the ſame 


P a Point 


25 — G -—— — I 
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to be in that Ratio, or that of P was to become OC 


The Uſe of FLuxtons 


Point (the contrary way) is as PX OP; and conſe- 
quently the Efficacy of all the Particles as the Sum of 


all the Quantities PxOP?, PxOP® Ec. Ec. Therefore 
(Action and Re- action being equal) we have OC x 


PxOQ+PxOQ+ Oc. = PxOP*4+PxOP*+þ Oc. the 
fame as before. | | 


For the Center of Oſcillation, it will be requiſite to 
premiſe the following 


LE MMA. 


182. Suppoſe two exceeding ſmall Weighis C and P, 
acting on each other by means of an inflexible Line (ir 
Wire PC) to vibrate in a vertical Plane ROPCM, 
about the Center O; tis required to determine how much 
the Motion of the one is affected by the other. 


RH Q oO Let CH and PQbe per. 


eee to the horizontal 
ine OR; alſo let PB and 
Cs be perpendicular to OP 
and OC reſpectively. 

If the Force of Gravity 
be denoted by Unity, the 
Forces acting in the Di- 


= 
» 
* 4; nenne 


1 M rections CS and PB, where- 
buy the Weights, in their 
Deſcent, are accelerated, will, according to the Reſo- 


OH O 
lution of Forces, be repreſented by OT and — 


Moreover, ſince the Velocities are always in the Ratio 
of the Radii OC and OP, if the foreſaid Forces were 
OH 


1 2 o » 
* I » inſtead of 8 . T ay, in that Caſe, it is 


plain, the Weights would continue their Motion with- 
| | [3 > on 


& 


SS] A > 48 


— D 


. 


_— 
Q@ 


Ve 
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out affecting each other, or acting at all on the Line 
of Communication PC (or PB). Whence, the Exceſs 


O OH OP 
of 8 above OC X OC muſt be the accelerative 


Force whereby the Weight P acts upon the Line (or. 


Wire) OC, in the Direction PB; which multiply'd by 


O OHX OP 
the Weight P gives PX 88 — — 8. for the ab · 


ſolute Force in that Direction: Which therefore, in the 


2 OHXOP 
perpendicular Direction NB, is P — 777 5 


OP : 
X 5B 5 whereof the Part acting upon C, being to 


the Whole as OB to OC, is truly defined RY PX 


OQ OH x Of? 
— » J. 
OC OUT -. 2 


If P be ſuppoſed to act upon C by means of PC (in- 


ſtead of PB) the Concluſion will be no way different: 
For, let F (to ſhorten the Operation) be put to denote 


9 OH X OP 
the F P ee Lacy 
e Force 0 X —— ©) Fo 08 
PB, found above, then the Action thereof upon PC 
(according to the Principles of Mechanics) will be ex- 


Radi 
preſſed by F X GT Tap 3 which therefore in the Di- 


Radius 
rection SC, perpendicular to OC, is FX SY CPB * 


eO S. Po _S.PCO__ O. 
Lair CNBC Oct 


very ſame as before. 


in the Direction 
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PROPOSITION III. 
183. To determine the Center of Oſcillation of a- Bech. 


The Center of Oſcillation is that Point, in the Axis 
(or Line) of Suſpenſion of a vibrating Body, into which 
if the whole Body was contracied, the angular Velocity 
and the Time of Vibration would remain unaltered. 


Let LMS be a Section of the Body by a Plane, per- 
pendicular to the Horizon and the Axis of Motion, 
paſſing thro' the Center of Gravity G and the Point of 
Suſpenſion O; and ſuppoſe all the Particles of the Body 
to be transferred to this Section, in ſuch Places of it, as 
they would be projected into (orthographically) by Per- 
pendiculars falling thereon, (Which Suppolition will no 
way affect the Concluſion, the angular Motion conti- 
nuing the ſame.) Moreover let C be the Center of Oſcil- 
lation, or that Point in the Axis OS where a Particle 
of Matter (or a ſmall Weight) may be placed ſo as to 
be neither accelerated nor retarded by the Action of the 
other Particles of Matter ſituate in the Plane. Then, 
if, from C and any other Point P in the Plane LMS, 
two Perpendiculars CH and PQ be let fall upon the ho- 
rizontal Line OR, the Force of a Partjcle (or Weight) 
at P to accelerate the Weight at C, will (according 
to the foregoing Lemma) be repreſented by P X 


in finding the Centers of Gravity, &c. 


50 = Which, ſuppoſing GN per- 


pendicular to OR, will alſo be expreſſed by P 
. or its Equal P X 


— — 


8 <5 


OQ x OG X OC — ON X OP _ 
e 4 OG: —, In the very ſame 


manner the Force of any other Particle P will be re. 


preſented by PX OQ x OG 2 — ON Xx OP* 
— 0 — 
&c. Oc. 


Therefore the Forces of all the Particles de- 
ſtroying each other (by Hypotheſis) the Sum of all 


the Quantities PX OG x OQ X OC— ON x OP 


+ PxOGxOQxOC—ONxOF® h. &c. muſt be 
equal to nothing: Whence Px OG x OQ x OC + 


Px OG x OQ x OC Sc. Sc. = Px ON x OP* + 
Fo ; ON 
PxONxOP* Sc. Sc. and conſequently OC G x 


PxOP'+PxOF'+ Ee. But (%) 4rt.17 l. and 172.) the 
PxOQ+PxOQ+ &c. | 


Sum of all the Quantities PXxOQ+PxOQ Hr. is equal to 
the Content of the Body multiply'd by the Diſtance 
(ON) of the Center of Gravity G from the Line LM 


, . ON 
(perpendicular to OC); whence OC is alſo = OG * 
PxOP*+PxOP? Sc. c. _PXOP*+PxOP* Ge. Dc. 


ON x Body 2 OG x Body | 
Which Expreſſion continuing the ſame in all Inclina- 


P 4 tions 
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tions of the Axis OS, the Point C, thus determined is 
a fixed Point, agreeable to the Definition; and appears 
to be the ſame with the Center of Percuſſion; ſee 
Art. 181. 


COROLLARY. 


184. If PD, PD c. be perpendicular to OS, the Nu- 
merator of the Fraction found above, will become Px 


OGFGP*—20GxGD+PxOG*+GF* + 20G Xx. 
GD + &c. &c. (ſince OP*= OG*+ GP- 20GX 
GD &c.) Which, becauſe all the Quantities Px—=20G 


x GD + Px2OGxGD Ec. or Px—GD+PxGD Sc. 
(by the Nature of the Center of Gravity) deſtroy one 


another, will be barely = P X OG" F GP* + Px 


OG*+GP*+ Oc. &c. = P+P+ Cc. x OG* + Px 
GP*+PXGF*4- &c. = Maſs Xx OG* + PXGP*+ 
PX GP*+ &c. Whence it is evident that OC is, alſo, 


(= Maſs & OG, + PX GP*+PXGF+ Sc. Ec. 
> Maſs X OG © ) 
PXGP*+ PXGPF? + Oc. 
— (Ws — nf ] 
+: Maſs X OG ; and co equentiy 
PXGP*+EXGF*+ c. Ge. 
Miſs x O RN | 


Whence it appears that, if a Body be turu'd about its 
Center of Gravity, in a Direction perpendicular to the 
Axis of the Motion, the Place of the Center of Oſcillation 
will remain unalter d; becauſe the Quantities PX GP., 


PxGP: are no way affected by ſuch a Motion of the 
7. | 
It 


8823 


* DS ww 
* —— _—_ — . 


in finding tbe Centers of Gravity, &. 217 


It alſo appears that the Diſtance of the Center of Gra- 
vity from'that of Oſcillation (if the Plane of the Body's 
Motion remains unalter'd) 2, be reciprocally as the Di- 

flance of the former from the Point of Suſpenſion. There- 
fore, if that Diſtance be found when the Point of Suſpen- 
fion is in the Vertex, or ſo poſited, that the Operation may 
become the moſt ſimple, the Value thereof in any other pro- 
poſed Poſition of that Point will likewiſe be given, by-one 
ſingle Proportion, 

185. But now, to ſhew how theſe Concluſions may 
be reduced to Practice, we muſt firſt of all obſerve, that 
the Product of any Particle of the Body by the Square 5 
its Diflance from the Axis of Motion is (here) called the 
Force thereof (its Efficacy to turn the Body about the 
ſaid Axis being in that Ratio.) According to which, 
and the firſt general Value of OC, it appears that, if 
the Sum of all the Forces be divided by the Product of the 
Bady into the Diſtance of the Center of Gravity from the 
Paint of Suſpenſion, the Quotient thence ariſing will give 
the Diſtance 7 the Center of Percuſſion, or Oſcillation 
from the ſaid Point of Suſpenſion. 

The Manner of computing the Diviſor has been al- 
ready explained; it remains therefore to ſhew how the 
Sum of all the Forces in the Numerator may be col- 
lected: Which will admit of ſeveral Caſes. Wherein, 
to avoid a er Pay of Words, I ſhall always expreſs 
the Diſtance of the Center of Gravity from the Point 
of Suſpenſion by g, and the Diſtance of the Center of 
Percuſſion, or Oſcillation, from the ſame Point, by C. 


186. Caſe 1, Let OS be a Line ſuſpended at ane 


of its Extremes. 


Then, if the Part OP (conſidered as variable) be de- 
noted by x, the Force of + Particles, at P, will (as 
above) be defined by & X * Whoſe Fluent (7 x*) 
therefore expreſſes the Force of all the Particles in OP 
(or the Sum of all the Products, under each Particle, 
and the Square of its Diſtance from O the Point of 
duſpenſion, This Quantity therefore (when x be- 
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TO comes= OS) being divided by OSX OS 
(according to the foregoing Rule or Ob- 
iP ſervation) we get (i= 21308 
G 1 for the Value of C, the true Diſtance of 
the Center of Oſcillation (or Percuſfion) 
1 © from the Point of Suſpenſion. 
1 
* 
187. Caſe 2. Let AB be a Line, vibrating in a vertical 
| Plane, having its two Extremes A and B equally diſtant 


from the Point of Suſpenſion O. 


2 If OG ( perpendi- 
EN cular to AB) be put 
Fl IN ==a, and GP==x, the 


# Be. Force of x Particles 
/ LY at P, will be denoted 

\ by #xX a*-þx* =# X 
Y \ OP? *® : Whoſe Flu- 


| S: 1% | 
® Art, 185. WF 5 CG | 1 I * ent, divided by ax 


A — — B (or PGXOG) gives | 
: ar + 3 #3 
1 ( wo ) a + 


** BG* | 

7s = OG + 30G C, when + becomes = GB. 
138. Caſe 3. Let'APSQ_be a Circle, wibrating in a 

vertical Plane. Let PQ be any Diameter thereof; then 

OP* + O being = 2OG* + 2PG?, the Sum of the 

Forces of two Particles at P and Q. (putting OG 


S, and AG r) will be = a*+r*x2 ; whence it is 


evident that the Sum of the Forces of all the Particles, 
in the whole Periphery, will be expreſſed by their Num- 


ber Xx a*+r*, or by a*+r* X Periph, APSQ: Which, 


in finding the Centers of Gravity, &c. 


if p be put = 4.141 Cc. will 
be = a* ＋ r* X 2pr = 2pa*r 


+2pr3. Hence the Force of 
the Circle itſelf is alſo given, 


being=Fluent of 2pa*r + 2pr? 
Nr = pa*r*+ Ir A= 
X Circle APSQ. Now, if the 
two Expreffions thus found 
be divided by a X Periph. 
APSQ, and aX Circle APS 
b „ we 151 have 


219 


Art. 185. 


a + = — and a 4 2 72 for the two correſponding 


3 of C. 


189. Caſe 4. Let AHBE be à Circle having its Plane 
(always) perpendicular to the Axis 7 2 05 on OG. 


22 


Let AGB be that 
Diameter of the Cir- 
cle which is parallel 
to the Axis of Mo- 
tion RS; and let EF 
be any Chord parallel 


to AB and RS; whoſe 


Diſtance, GP, from 
the Center of the 
Circle, let be denoted 


by x; putting OG 


„ nd AG=r:> 


Then, by the Nature of the Circle, EF = 20 r—x* 123 
whoſe Diflance OP, from the Axis of Motion RS, is 


alſo given = W a*þ+x*. 


Hence it appears that the 


Force of all the Particles in the Line EF (defined in 
Art. 185.) will be repreſented by. E X 2 Wri—x*. 


Therefore x X a*+x* X 2 -K is the Fluxion of 
the Force of the Plane ABFE ; whoſe Fluent (when 
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* r) is =a* + rr X Aria AEFBG; which, if þ 
be put for the Area of the Circle whoſe Radius is Unity, 
will be = a*+ Zr*XE pr* ; whereof the Double (par 
+ 2 pr+) is the Force of the whole Circle AEFH : 
whoſe Fluxion 2parr + prir (ſuppoſing r variable) being 
divided by r, we likewiſe get 2pa*r-þpri (= a* + i r* 
X Periph. AEFH) for the Force of the Periphery 
AEFH. But the Center of Gravity, whether we re- 
gard the Circle itſelf or its Periphery, is in the Center 
of the Circle; therefore the Diſtance of the Center of 
Oſcillation from the Point of Suſpenſion, will in theſe 


two Caſes be exhibited by @ + _ and a + - re- 
ſpectively. 


If the Circle, inſtead of being perpendicular to GO, 
either coincides, or makes a given Angle with it, the 
Value of C will come out exactly the ſame; provided 
the Diameter AB till continues parallel to the Axis of 
Motion RS: This appears from Art. 184. and may be, 
otherwiſe, very eaſily demonſtrated. 


190. Caſe 5. Let the Figure propoſed be a Curve AEF, 
moving ( flat-ways, as it were) ſo that the Plane de- 


ſcribed by the Axis OAS may be perpendicular to that 
of the Curve, 


2 Here, putting AP=x, PN=y, 
AN=z, OA=4, OG=g, and 

AG=a, the Force of the Par- 

A ticles in MN will be defined by 

F< 13 8 25 X A. Therefore the 

M LAN - Fluent of 2y#*Xd+x* will be 
a as the whole Force of the Plane 
G84 NAM (or AEF, when x = 

— ws ; AS) and conſequently C = 


C 


4 : Flu. ITA Xyx 
E 8 2 Flu, d Tx x yr 


: Which, there- 
fore 


in finding the Centers of Gravity, &c. 
fore, when the Point of Suſpenſion is in the Vertex A, 
: Au. yo" ; | 
will become C = 13 Let this Value be de- 


noted by v; then, the Diſtance of the Centers of Gra- 
vity and Oſcillation being v—a, we have (by Art. 184.) 


gan u: (2 the Diſtance of the ſame 
Centers, when the Point of Suſpenſion is at O, and con- 


ſequently C, in that Caſe, g + .; Which 


8g 
Form will be found more commodious than the fore- 
going in moſt Caſes. 
After the ſame Manner the Value of C, with reſpect 
Flu. TY Xs 


of the Arch AEF, will appear to be = 


Flu. x 
mg EEE: ſuppoſing v = r= 


Tt may not be improper to give an Example or two 
of the Uſe of the foregoing "Theorems, 


191. Let therefore EA be, firſt, conſider'd as an 
iſolceles Triangle: In which Caſe AP ( x) and PN (y) 


bx 
being i in a conſtant Ratio, we have y= — — (ſuppoſing 


Flu. a X yx 
SF=b and AS=c.) Hence C (= Flu 4 wp * pr 


Flu. Flu. Pxx + 24x** + 33% _i4&+3a +3 Pg 
5 Flu. . dræ + * 22 dT TA 


6d + 8d + 3 : Or (according to the ſecond F orm) 


bd ＋ 4 
Flu. 9 3x 


becauſe v (== = A? 


and 4 is known to 
be 


Flu. Ax 
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* Art, 175. be = — we have C S +=") =2z+ 
| 2 


„ 


* 
TT where g (ATA) =d +3x. 


Again, becauſe = and & are in a conſtant Ratio, we 
Flu. da: Xs Flu. TTL | 


alſo have Flu. Tax = 9 Taxa = 
d* + 4 
| OY 7 THE ; whence the Center of Oſcillation of 


the Lines EH and AF is given. 
192. For a ſecond Example, let EAF be Coppa a 


N 
* 


1 : 
Then ( 8 to Form 2.) we ſhall firſt have v (= 
Flu. yx Flu, 3 Tax 8 

Flu. yax * Elu. * tx, — n+ 3 : Whence, 


n+1Xx I 
2 


Parabola of any Kind, whoſe Equation is y = 


Art. 176. a being — z We alſo get C (=g+ _—) 


me ns 1 3 where g=d + n +1Xx 


n+A'xn+3Xg * 
But, with reſpect to the Arch of the Curve, v (= 


2.—2 Pray 
on ==) 4 5 Flu. * 2 3 5 + nnx 8 


Flu. * 5 — 
which Value (found by infinite Series, and even with- 
* Art, 138. out in ſome Caſes *) that of C will alſo be given. 


193. Caſe 6. Let the propoſed Figure be a Curve vi: 
brating (edge-ways) Jo that the Motion of the Axis 
may be in the Plane of the Curve. 

T hen (by Caſe 2.) the Force of all the Particles in 
the Line PN ( /ee the ing Figure) being defined 
by OP%PN+PN 3, or 4+23* x y+33* (retaining the 

No- 


in finding the Centers of Gravity, &c. 


Notation above) we have C = Flu. dp xy#+197 E= . 
| Flu. d N 


Which, when the Point of Suſpenſion is in the Vertex 


f Flu. yx** + 5 "x n 
A, will become — IT : Let this (when 


found) be denoted by v; then, it appears from the 
preceding Caſe, that the general Value of C will, @//o, 


be repreſented by 2 + 2 


In the ſame manner the Value of C, with 
reſpect to the Arch EAF, will be expounded by 


Flu, AH NN „ or by . — ſuppoſing v= 


Hl. d+x X z. 


Flu. x TN Xs 
e 
194. Example. Let the Equation of e 
* Flu. yu ＋ y*x 
* 2 Then v (= Flu. yxx ) 


Flu. c + OT TaP's ie 4 
Hu. c 1—2 27 S OE 


223 


+ — . 
1 of fn — #+2Xx nb 2x * 


In FIX „ 37 71 


A2 
2, 234 * 2 : From which the 
8 3X 33 ＋ 
Value of C is alſo given; and from whence it appears, 
that if » be expounded by o, v will become = 


3 

ry 37 8 7 „ which Caſs the Figure 
will degenerate to a Rectangle: But, if = be inter- 
preted by 1, the Figure EAF * then be an iſoſceles 


Triangle, 


224 We Uſe of Fiuxtons 
Triangle, and v == +=: Laftly, if # be taken 
„, the Curve will be the common Parabola, and v= 
— a 


195. ou 7. Let the Figure AEFH be a Solid generated 
by the Rotation of a Curve EAF about its Axis AS; 


rny its Baſe HH * to the Axis of Nation 


3 | It appears, from Caſe 4. 
| | that the Force of all the 
Particles in the circular 
} Section hh (parallel to HH) 


ö 


A will be expreſſed by 
OP*+:PN* X Circle bh, 
RI. OT OP*XPN* + £PN+ x 


„ (P being = 3.1415 &c.) 

Ss which, in algebraic Terms, 

. F is d X TZ Xp. 
H Hence we have C = 

en, ES Flu, b — dF x3 + Lots 
* Flu. 4+ x X py*# Flu. dT X 


Which, therefore, when the Point of Suſpenſion is in 


Flu. 4 
the Vertex A, becomes 9 =vz and 


Flu, uw 


 aXV—a 


conſequently C = g + 


Caſes. 


But, with regard to the Superficies of the Solid; it 
is found, in Caſe 4. that the Force of the Particles in 


the Periphery MN is expreſſed by OP* +3 PN* X 
Periph, MbNh = dN X 29% + ys. 


„ as in the preceding 


Hence 


— o 
—_— EPS . 
— — —— 


in finding the Centers of Gravity, &, 225 


— — 


——— — 
Gen ———— — 


— — — 


——— 


Hence the Fluent of a+ BY X 2þy + Xx, divided 
5 1 Ne „ Flu. d+ x *x29z + y*% 
by that of 4 een eee e 
ö 
will give the true Value of C with reſpect to the curve 
; a Flu. 2yx*2+y3z * 
Surface EHAF. Which, putting v = H. ZE 


—— 


2 
— — 


————_ — 


— 
—— —  — 
= — = p— —— — 


is likewiſe expreſſed by g + 2 0 
196. Ex. 1. Let EAF be conſidered as 4 Cone; then, 
| bs 
= 75 
' | | "5 ‚ 1 Mo63 
2 = =; and therefore C (= 2 
7 Flu. I P XN 


4 
i 
His 
30 
TT 
"hh 
19 
} [ 
104 
1 
+ $ | 


putting AS= 5 SF = and AF=c, we have) 


= — — when x = . But, 
with reſpe& to the convex Superficies, C will be found = 
124: + 164f + 6f* + 36 

1124 ＋ 87 : 

197. Ex. 2. Let EAF &c. be confidered as a Sphere 
whoſe Center is 8, and Radius AS==r ; in which Caſe, 
Flu. * 

Flu. ==) 
Au. "xx N —{ oats 41) bpirx— oo at 
I Flu. zr - 29 


„being = 2rx—x*, we have v ( 


3 = Sx 
whence C is alſo given, But, when x = 2r (or the 
whole Sphere is taken) v = - Therefore a being r, 


and g = OS, in this Caſe, we have C (= g + 


x 2r 27 * 


= © 
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fs Ws... 198. Caſe 8. Let the Fi. 
9 8 gure propoſed be a Solid, as 
: in the preceding Caſe, but let 
: its Axis AG be, here, pa- 
: rallel to the Axis of Motion 
ORS, 


Then, if RP (OG) be 
put g, 3,1459 Cc. =p, 
AP = x &c. the Force of 
the Particles in the Circle 


NM (parallel to EF) will 
be exhibited by g* + 2) 


75 Xpy*, or pg*y*+2p9* (Vid. 
® Art, 125, p ＋ Caſe 3.) Hence we have C= 
+ Ar. * Flu. P ** + 7 P 8 Flu. pg * + L py*x 

| 2 X Solid TEN 2 * Flu. PY + — 
Flu. 3 y*x_ ; | 


ET 7* Pl ys” 


Moreover, with reſpect to the Superficies ; the Force 
of the Particles in the Periphery of the ſaid Circle MN 
® Art, 135, being 2pg*y + 2% „, we have, in this Caſe, C = 
' Flu. 2pg*y + 2py* X & __ Flu, 2pg*yz + 2555 a 
—7 x Superficies, EN Hu. _ * 
Flu. y*z | 


g X Flu. yz | 
299. Ex. 1. Let EAF be a Segment of à Sphere, 
whoſe Radius 15 r ; then y* being rx x, we ſhall have 
Flu. Flu. zr — 2r83%* + + x*x 

C (gt gx Flu. =) OT 2X Flu, arxx — FFI 


nt 


"9, > & Fn 1 
zr — EW xo xt 207*—15rx+ 3xXx 
— — CO 


=; + — 
gxr —+ x 30r iloxx 
Which, when x is expounded, either, by r or ar, be- 


2r 
comes = g + Te" for the true Value of C, when 


either 


hed 


ow T0 


8 


8 


Ii <a 


cn 


in finding the Centers of Gravity, &c. 227 
either the Hemiſphere, or whole Sphere, is taken. But, 
with ar to the Center of Oſcillation of the Super- 


ficies thereof, we have 2 in this Caſe = — 3 Axt. 1424 
Varx — xx 

1 | _ Flu. ys _ 

= -: Andi ann rb IEEE = 8+ 


Flu. 27x — XX Xx Pr mn > 


8255 E=. f 
g X Hlu. ra "$2 5 hich, when 


27* 
x =, Ur = 270 becomes g ＋ = 


200. Ex. 2. Let the Salid EAF be a Parabolbid, whoſe 


* 
generating Curve is defined by the E quation 72 = 2 
Flu, 1 y% Flu. 1 N 
Then CS RTE =g8+ * — 
gX Flu. y*x g X Flu.x"s X c 
2 * 21 2 X 2 
=g ET DT . — . Where, 
4n+ 1X 2gXc 4 X22 


if u be taken = o, the Figure will become a Cylinder, 


and C * ＋ 5 : But if be expounded by 1, the 


> 


Figure will be a Cone, and C= g + 2 Lay, i 


n be taken 2, the Figure will be the Solid generated 


2 


from the common Parabola and C= 2 wY 2. 
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SECTION XI. 


Of the Uſ of FLUX10Ns in determining 
. "the Motion of Bodies affected by centripetal 
Forces, 


mY 
* 


PROPOSITION I. 


201. 1 3 HE Motion, or Velocity, acquired by a Body 


reely deſcending from Reſt, by the Force of 
an uniform 2 fe proportional to the Time of its - 


Deſcent ; and the Space gone over, as the Square of that 
Time. STS | 

The firſt Part of the Propoſition is almoſt ſelf-evi- 
dent: For, ſince any Motion is propot tional to the Force 


by which it is generated, that generated by the Force 


of an uniform Gravity muſt be as the Time of Deſcent; 

becauſe the whole Effect of ſuch a Force, acting equally 
every Inſtant, is as that Time. ä 

"= Let, now, the Velocity acquired 

„ during a Deſcent of one Second of 

F Time, be ſuch as would carry the Body 

4 uniformly over any Diſtance 5 in one 

| Second ; and let AB (x) denote the Di- 

T ſtance deſcended in any propoſed Time 

\ Jen which Time let be denoted by PQ; 


making Bb & and Qq=7 : Then it 
f will be, as 1: 71: b: (bt) the Diſtance 
dat would be uniformly deſcribed in i, 


FR 


| 7 : with the Velocity at B: Alſo Tt 5: 


B the ſaid Diſtance (It) to bit = # ®. 
7 By taking the Fluent whereof we get 
I bt* 
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4 bt . Therefore the Diſtance deſcended (267˙*) is 
as the Square of the Time. 2, E. D. 


| Otherwiſe, without Fluxions. 7 
Conceive the Time (PQ) of falling thro AB to be 
divided into an indefinite Number of very ſmall equal 
Particles, repreſented, each, by m; and let the Diſtance 
deſcended in the firſt of them be Ac, in the ſecond cd, 
in the third de, &c, Sc. Then, the Velocity being al- 
ways as the Time from the Beginning of the Deſcent, 
it will in the Middle of the firſt of the ſaid Particles be 
defined by 5m; in the Middle of the ſecond by 14m; 
in the Middle of the third by 2 & m, Cc. &c, But, 
ſince the Velocity at the Middle of any Particle of 
Time, is a Mean between thoſe at the two Extremes, 
or betwixt any other two equally remote from it, the 
correſponding Particle of the Diſtance AB may, there- 
fore, be conſidered as deſcribed by that mean Velocity. 
And fo, the Spaces Ac, cd, de, ef, &c. deſcribed in equal 
Times, being reſpectively as the ſaid mean Celerities 2 m, 
1 z m, 2 2 m, Z m, Sc. it follows, by Addition, that 
the Diſtances Ac, Ad, Ae, Af, &c. gone over from 


1 m m 16m 
the Beginning, are to one another as 2 — =, wm 


&c, or 1, 4, 9, 16, 25, Cc. that is, as the Squares of 
the Times. 2.5. 


CoRoOLLARY 1. 


202. Since the Diſtance that might be uniformly run 
over in one Second, with the Velocity at B, is ex- 
preſſed by bt, the Diſtance that might be deſcribed with 
the ſame Velocity in the Time t will therefore be ex- 


preſſed by bt xt, or bt* ; Whence it appears, that the 
Space AB (+ bt*) thro' which the Body falls in any 


given Time r, is juſt the half of that which would be 
—_— deſcribed with the Celerity at B, in the ſame 
ime, 88 
Therefore, ſince it is found from Experiment, that a 
Body near the Earth's Surface (where the Gravity * 


Q 3 


— 
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be taken as uniform) deſcends about 1677 Feet in the 
firſt Second, it follows that the Value of 5 (is in this 
Caſe) =2X164=324 : And conſequently the Number 
of Feet deſcended in ? Seconds, equal to 16 K. 


CoROLLARY 2. 


203. It is evident, whatever Force the Body de- 


ſcends by, the Value of 5 will always be as that Force; 


fince a double Force, in the ſame time, generates 2 
double Velocity; a treble Force, a treble Velocity, c. 
Therefore, ſeeing our Equation & ö, = x, alſo gives i= 


Ea 8 
J- and 5 IF» it follows, 


1. That the Diſtance deſcended is, univerſally, as 
the Force and the Square of the Time conjunctly. | 


2. That the Time is always as the Square-root of the 


Diſtance applied to the Force. 


3- And that the Force is as the Diſtance apply'd to 
the Square of the Time— And it miy be further ob- 
ſerved, that, whatever is here ſaid with regard to the 
Time, alſo holds in the Velocity, being proportional to 
the Time. 


PROPOSITION II. 


204. To determine the V. ulecity, 
and Time of Deſcent, of a Budy 
along an inclined Plane AC. 


From any Point F, in AC, 
draw FE perpendicular to the ver- 
tical Line AD, and make FB and 
CD perpendicular to AC, meeting 
AD in B and D. Becauſe (by 
the Principles of Mechanics) the 
Force of Gravity in the Direction 
CF, whereby the Body is made to 
deſcend along the Plane, is to the 


abſolute Force thereof, as AF to 
| 2 


WS TW WW 20 V0 "Y WW ww  .- 


— 
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AB, or as AC to AD; and ſince (by Caſe 1. Art. 2032 
the Diſtances deſcended in equal Times are as the 
Forces, it follows that the Time of Deſcent thro' AF 
will be equal to the Time of the perpendicular Deſcent 
thro' AB: And conſequently the Time of Deſcent thro 
AC equal to that throꝰ AD; which is given by Prop. I. 
Moreover, becauſe the Velocities-at F and B, acquired 
in equal Times, are as the Forces, or as AF to AB; 
and it appears from Prop. 1. that the Velocity 


at E is to that at B, as V AE : AB, or as 
VWAEXAB (SAF): WAB XAB (=AB) it fol- 


lows, by Equality, that the Celerity at F is equal to 

to that at E ; which is therefore given, by the preceding 

Propoſition, 2 ET. 
CoRoLLARY. 

205. Hence the Time of Deſcent along the Chord 
AC of a Semi-circle ACD is equal to the Time of De- 
ſcent along the vertical Diameter AD : And, if the Chord 
DG be of the ſame Length with AC (its Inclination to 
the Horizon being alſo the ſame) the Time of Deſcent 
along it will alſo be equal to that along the vertieal 
Diameter, | | 


PROPOSITION III. 


206. 5 from two Points 
A and D, equally remote 
from the Center of Attrac- 
tion C, two Bodies move, 
with equal Celerities, the B 
one along the Right-line 
AC, the other in a Curve- 
line DBQ, their Celerities, 
at all other equal Diſtances 
from the Center, will be 
equal, : 


A 


N — 


4 
F — 
* 
5 
*. 
A 


For, let CB and CE be 
any two ſuch Diſtances ; 


let the Arch BE be de- C 
, Q 4 ſcribed, 
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ſcribed, from the Center C, and alſo eb, indefinitely 

near to it, cutting CB in n Let the centripetal Force 
at the Diſtance of CB, or CE, be repreſented by f, and 
the Velocity at B, by v. 

By the Reſolution of Forces, the Efficacy of the 
Force (/) in the Direction Bb, whereby the Velocity 


of the Body is accelerated, will be E XJ: Alſo the 
Time of moving over Bb (being as the Diſtance apply'd 
to the Velocity) is repreſented by W : Therefore the 
Increaſe of Velocity, in moving thro' Bb, being as the 
Force and Time conjunc iy, will be defined by Hr N 


X —» or its Equal — X f. In the ſame Manner, 

the Velocity at E being denoted by ww, the Time of 
| E. 

falling thro' Ee will be repreſented by — and | the Ve- 


„ 
locity generated in that Time by —xf: Which is to that 


a 
( acquired in falling thro? the Arch Bb, as 


«7 3 

2 to —. Therefore, ſeeing the correſponding Incre- 
ments of Velocity are always, reciprocally, as the Ve- 
locities themſelves, it is manifeſt, if thoſe Velocities are 
equal, in any two correſponding Poſitions of the Bodies, 
they will be ſo in all others, being always increaſed 


alike. But they are equal at A and D by Suppoſition;: 
Therefore, c. OS 


PROPOSITION IV. | 
207. To find the Ratio off the Velocities, and Times of 
Deſcent, of Bodies, in Curves ; the Force of Gravity 
.being conſidered as uniform. 
Let ARD repreſent a Curve of any Kind, along 
which a Body deſcends, hy the Force of its own Gra- 
| vity 


& * 
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vity from A; let AC, RB, &c. be parallel, and CO 


perpendicular, to the Horizon; moreover, let Rn touch 
the Curve at R; and let CB = , AR = w, and 


Rur *. N * Art. 135. 
Since the Points B | 

and R (as well as C C 

and A) may be looked $a 5 . 

upon as equall re- B | 


mote from the Earth's 
Center (to which the 
Gravitation tends), the 
Velocity acquired in 
deſcending thro' the — 
Arch AR will (by the | D 
laſt Propoſition ) be | | 

equal to that acquired by falling freely thro* the 
Right-line CB; which laſt Velocity (by Prop. 1.) is 


always as WCB (or uf). Therefore the Celerity, 
whether the Body moves in a Right-line, or a Curve, 
is always in the ſubduplicate Ratio of the perpendicular 
Deſcent ; and ſo, the Time in which Ru (wv) would be 
uniformly deſcribed, with that Celerity, will be univer- 


fally as ST whoſe Fluent is as the Time of falling 


thro' AR. | 2. 
EXAMPLE. 


208. Let the Curve ARD be any. Portion of the 
common Cycloid ; whereof the Vertex is D and Axis 
DC; and whoſe Nature (putting DC==:, and the Ray 
of Curvature at D = a) is defined by the Equation 2a 
XDB=DR*. Here, we have DR ( NB) 


= -* 


L | 
= 24 X c=; whoſe Fluxion — V N 


— z With a contrary Sign, is the Value of Ru or ww; 


and 
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a 1s 
therefore r * N X 8 : Whoſe Fluent, 
at the loweſt Point D, where « becomes = c, will (by 
| 14159 Ce. 
4ri.142.) be equi to Va multi dby( 


half the Meaſure of the Periphery of the Circle whoſe 
Diameter is Unity. Which Fluent (and conſequently 
the Time of Deſcent) will therefore continue the ſame, 


let the Arch DA be what it will. 


PROPOSITION V. 


209. To determine the Paths of Projefiles near the 


Earth's Surface; (neglecting the Refiſlance of thy 
Atmoſphere.) 


Let a Body be pro- 

C jected from the Point 
A, in the Direction 
C of the Line AC, with 
a Velocity ſufficient 

to carry it uniformly 
over the Diſtance 4 
in the Time t; and 
let the Space thro” 
which it would freely 
deſcend, by its own 
Gravity, in that time, 
be denoted by 6; alſo 
let the Sine of the 
Angle of Elevation 
BAC (to the Radius 
7) be put S5, its 
Co-fine c, and the Diſtance of the Point A from the 
Ordinate Hm (conſidered as moving parallel to itſelf 
along with the Body) = x ; then, by Trig, HG (per- 


; Sx rx 
pendicular to AB) will be = , and AG = —. 


Becauſe the Projectile is turned afide, continually, 
from a rectilinear Path, by the Earth's Attraction, it 


m uſt 
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muſt deſcribe a Curve-line AmEmB, to which AC is a 
Tangent at the Point A: But that Attraction, acting 
always in a Direction (Hm) perpendicular to the Ho- 
rizon, can have no Effect upon that Part of the Velocity 
with which the Body approaches the Line BC, parallel 
to Hm; therefore the Right-line HG (in which the 
Body is always found) will continue to move uniformly 
towards BC, the ſame as if Gravity was not to act; 
and the Diſtance Gm deſcended from the Tangent AC, 
by means of the Attraction, will be the very ſame as if 
the Body was to deſcend from Reſt along the Line GH. 


This being premiſed, it is evident, that as 4: AG 
rx FF: TEE BEN 
(=) 2 1 (Sx t ) the Time of deſcribing Am 
22 22 


#” \ 
and, 8 74. X:: d: (= the Space (Gm) 


thro? which a Body would freely deſcend in that Time 
(by Prop. 1.) 
ir ' cdx — br 
Hence = — e, or r general 


Value for the Ordinate Hm: By putting which = o, 


54* 
we get x r = AB = the Amplitude of the Pro- 


jection. But, by putting its Fluxion equal to nothing, 


2 


4 
we have x = _ which ſubſtituted for x in the Va- 


2 


# 
ue of Hm, gives s for the Altitude DE of the Pro- 
jection. L.E. I. 


CoROLLARY. 


210. If another Body be projected, with the ſame 
Celerity, in the vertical Direction AS; then, s becoming 


4 
= 7, the Altitude of that Projection (4750 will be- 


come 
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come ©; = AS; which call b, and let this Value be 


ſubſtituted in thoſe of AB and DE, and they will be- 


4hcs bs* | 
come = and 7 reſpectively. 


Hence, if from the Point Q where the Line of Di- 
rection AC cuts a Semi- circle deſcribed upon AS, the 
Lines SQ and QP be drawn, the latter perpendicula rto 
2 the Triangles ASQ and AQP being ſimilar, we 

| have | 


. þ 
r: 1 h (AS): —=AQ 
h þ 
rin — (AQ) : ==PQ=DE 
/ h h 
r:icn> (AQ): = AP AB 


PROPOSITION VI. 


211. To determine the Ratio of the Forces, ubereby Bo- 


dies, tending to the Centers of given Circles, are made 
to revolve in the Peripheries thereof. 


Let ABH and abh be any two propoſed Circles, 
whereof let AB and ab be ſimilar Arcs ; in which, let 
: the 


* 


In Centripetal Forces. 2237 
the Velocities of the revolving Bodies be reſpectively as 
to v; make DBK and db4 parallel to the Radii AC 
and ac, putting AC R, ac r, and the Ratio of the 
centripetal Force in ABH to that in abh, as F to F. 
It is plain, becauſe the Angles ABD and abd are 
equal, that the Velocities at B and 6, in the Directions 
BK and bk, with which the Bodies recede from the 
Tangents AD and ad, are to each other as the abſolute 
Celerities / and v *. But thoſe Velocities, being the Art. 35. 
Effects of the centripetal Forces acting in correſponding, 
ſimilar, Directions during the Times of defcribing A 
and ab, will therefore be as the Forces themſelves when 
the Times are equal ; but when unequal, as the Forces 
and Times conjunctly. Therefore, the Times being 


AB ab R | 
univerſally as F to =, or as I to = ( becauſe the 


R 
Arcs AB and ab are ſimilar) we have, as F X F * Fx 


: V: v; whence (multiplying the Antecedents by 


| VU o * 0 y 
I and the Conſequents by =) it will be, as F: F:: 


os a 
I: Therefore the Forces are as the Squares of the 


21 


Velocities directly, and as the Radii inverſely. 


Otherwiſe. 
Let the indefinitely little Arch AB be the Diſtance 


that the Body moves over in a given, or conſtant Par- 
ticle of Time; and let the centripetal Force at B be 
meaſured by twice the Subtenſe or Space AE thro' 
which the Body is drawn from the Tangent AD in that 
Time Fo 

Ds Then, 


— — 


I The Velocity which any Force, uniformly continued, is ca- 
able of generating, in a given Boah, in a given Time, is the 
proper Meaſure of the Intenſity of that Force“. But this Ve-® Art. 204. 
locity is itſelf meaſured by the Space the Budy would move uni- 


formly 
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Then, by the Nature of the Circle, AB* = AH & 
| APB* 
AE = AC X 2AE, and conſequently 2AE = N: 


Therefore, the Force is as the Square of the Velocity ap- 
ply'd to the Radius of the Circle (as before.) 


CoRoLLARY I. 


7 2 
212. Becauſe, F: f:: T 2. it follows that 
V: on D: Vn, and 
R 51 F207 „ 
— 8 


CororLary II. 


213. If the Ratio of the periodic Times be denoted 
by that of P to p; then the Ratio of the Velocities Y, v 


R | | 
being as J to 5 we ſhall have, by Equality, RF. 
R 
Mu 5 : 7 whence alſo 
13 


F: In N: , and 
run: 


formby over in a given Time; which Space is always the double 
of that thro' which the Body would freely deſcend, from Reſt; 


1 Art, 202, In the ſame time 1. Therefore 2AE, is the proper Meaſure of 


the centripetal Force, according as we have aſſumed it. — 
"Tis true, when the Forces to be compared are all computed 
in the ſame Manner, from the Naſcent, or indefinitely ſmall 
Subtenſes of contemporaneous Arcs, it matters not whether 
awe conſider thoſe Subtenſes, or their Doubles, as the Meaſures 
of the Forces, the Ratio being the ſame in both Caſes. But 
«when the Forces ſo found are to be compared with others de- 
rived from a fluxional Calculus, it is abſolutely neceſſaty to 
take the double Subtenſe for the Meaſure of the Force. 
This Note is inſerted, that the Learner may avoid the Errors, 
which ſome very conſiderable Mathematicians haue fallen int» 
by not properly attending to this Particular. e 
. 
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CoRoLLary III. 


214. If the Meaſure of the Force, or the Velocity 
that might be uniformly generated ina given Time (1) 


be expounded by any Power 4“ of the Radius AC (a); 
then the Diſtance thro* which a Body would freely 
deſcend in the ſame Time, by that Force, uniformly 


continued, will be expreſſed by + 4 . Therefore, 
the Diſtances deſcended, by means of the ſame Force, 
uniformly continued, being as the Squares of the 


Times , it is evident, if the Time of moving thro' f Art. 202. 


AB be denoted by t, that the Diſtance AE deſcended 
8 
in that Time, will be denoted by = * 44 : And fo 


na+r 


— — 


r t 
we ſhall have AB (V2AEXAC) = 8 


which bong os Diſtance deſcribed by the revolving 
Body in the Fime ?, it follows that the Space gone over 
1 71 
in the given Time (1) will be a *: Which, there- 
fore, is the true Meaſure of the Celerity in this Caſe. 
The ſame Concluſion might have been derived in much 
fewer Words from Corel. 1. but, as a thorough under- 
ſtanding hereof is abſolutely neceſſary in what follows 
hereafter, I have endeavoured to make it as plain as 
poſſible. 


| CorolLLary IV. | 
215, Hence the Time of Revolution is alſo derived ; 


n+1 
for it will be as a * : 3.14159 Cc. X 24 (the whole 


3.14 Sc. X 20 
Periphery) :: 1: e in KN 


2 
a 


1— | 
2a , the true Meaſure of the periodic Time, 
Co- 


* Art. 202. 
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CorRotrtlaky V. 


216. Therefore, if = be expounded by 1, o, —r, 
—2 and — 3 ſucceſſively, then the Velocity cor- 
„ and 
: , 
the Time of Revolution, as r, 4, a, a* and @* re 
ſpectively. | 


SCHOLIUM. 


217. From the preceding Propoſition, and its ſub- 


ſequent Corollaries, the Velocity and periodic Time of 


'a Body revolving in a Circle at any given Diſtance from 


the Earth's Center, by means of its own Gravity, may 
be deduced : For let d be put for the Space thro* which 
a heavy Body, at the Surface of the Earth, deſcends in 


the firſt Second of Time, then 2d will be the Mea- 


ſure of the Force of Gravity at the Surface : And there- 


fore, the Radius of the Earth being denoted by r, the 


Velocity, per Second, in a Circle at its Surface, will be 


1 c. x: 
Verdi andtheTimeof Revolution = — . * 2 


= 3.14159 Cc. * * 7 (Seconds ) ; which two Ex- 


preſſions, becauſe 7 is = 21000000 Feet and = 1652 


will therefore be nearly equal to 26000 Feet and 5075 
Seconds, reſpectively. Let R be now put for the Radius 
of any other Circle deſcribed by a Projectile about the 
Earth's Center: Then, becauſe the Force of Gravitation 
above the Surface is known to vary according to the 
Square of the Diſtance inverſly, we have (by Caſe 4. 


I F 
Carol. 5.) : RE (26000) the Velocity (per 


Second) at the Surface, to 26000 X s T the Ve- 


locity 
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a 2 3 

locity in the Circle whoſe Radius is R. And r* : R* 
8. \ 

: (5075 ) the periodic Time at the Surface: to 5075 * 

= » the Time of Revolution in the Circle R. 


Which, if R be aſſumed equal to (60r) the Diſtance of 
| = oh 

the Moon from the Earth, will give 2360000, or 27.3 
nearly, for the periodic Time at that Diſtance. 

In like ſort the Ratio of the Forces of Gravitation 

of the Moon, towards the Sun and Earth, may be com- 

puted. For, the centrifugal Forces in Circles, being 

univerſally as the Radii apply'd to the Squares of the 


g * 
Times of Revolution, it will be as ( —— 


Semi · diameter of the Magnus Orbis divided by the Square 
of one Year (the periodic Time of the Earth and Moon 
about the Sun) is to (240000 X 178) the Diſtance of 


the 


I 
the Moon from the Earth divided by 778? the Square 


of the periodic Time of the Moon about the Earth, fo 
is 1,9 to 1 nearly; and fo is the Gravitation of the 
Moon towards the Sun to her Gravitation towards the 
Earth, | 

Alſo, after the ſame Manner, the centrifugal Force of 
a Body at the Equator, ariſing from the Earth's Rota- 
tion, is derived. For ſince it is found above, that 5075 
Seconds is the Time of Revolution, when the centrifugal 
Force would become equal to the Gravity, and it ap- 
pears (by Caſe 2. Corol. 2.) that the Forces, in Circles 
having the ſame Radii, are inverſly as the Squares of 


the periodic Times, we therefole have, as 85160 (the 


; . 
Square of the Number of Seconds in (23 56) one 


whole Rotation of the Earth) to 5075)* (the Square of 


the Number of Seconds above given) ſo is the Force of 
| Gravity 
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The Uſe of Fux1ons 
1 


Gravity (which we will denote by Unity) to 2800 the 


centrifugal Force of a Body at the Equator ariſing from 
the Earth's Rotation. | 
But, to determine, in a more general Manner, the 
Ratio of the Force of a Body revolving in any given 
Circle, to its Gravity, we have already given 3.14 &c. x 


| IF = for the Time of Revolution at the Surface of 


the Earth, when the Gravity and centrifugal Force are 
equal : Therefore, if the Time of Revolution in an 
Circle whoſe Radius is a, be denoted by t, it follows, 


e | r a 

from Corol. 2. laſt Prop. that, — | 2 7 
| MAB Ge xy 
t the Gravity of the Body: to its centrifugal Force 
in that Circle; which, therefore, is as Unity to 


3 4 
3 2 — oraw1to 1.228 & r very near 


ly ; where a denotes the Number of Feet in the Ra- 
' dius of the propoſed Circle, and t the Number of Se- 
conds in one intire Revolution. So that, if the Length 
of a Sling, by which a Stone is whirled about, be two 
Feet, and the Time of Revolution F of a Second, the 
Force by which the Stone endeavours to fly off, will 
be to its Weight as 9.824 to Unity. 

From this arg Proportion, the centrifugal Force 
and periodic Time of a Pendulum deſcribing a conical 
Surface may likewiſe be deduced. 5 


| For let SR, the Length 
8 of the Pendulum, be de- 
noted by g; the Altitude 
Cs of the Cone, by c; the 
Semi- diameter CR of the 
| Baſe by a; and the Time 
of Revolution by : Then, 
F | the Force of Gravity being 
7 


REES R * 
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repreſented by Unity, the Force with which the re- 
volving Body at R, the End of the Pendulum, tends 
to recede from the Center C, will be defined by 


2 
3:14 = X 24. bas beet already ſhewa. There: 


fore, becauſe the Body is retained in the Circle RR 
the Action of three different Powers, i. e. the centri- 


fugal Force (= = _X =) 


in the Direction CR, 


the Force of Gravity (1) in a Direction parallel to SC. 

and the Force of the Thread or Wire RS, compounded 

of the former two; it follows, from the Principles of 

Mechanics, that as SC (c) to CR (g), ſo is the Weight 

of the Body at R, to the Force with which it acts upon 
* . \z 

the Thread or Wire RS; and as i : 3-14 2“. X 24 


. _— 


:: C3 le) * CR (a) : Whence di! = 3-14 S.. X 2c, 
and *= 3. 14 Cc. X / Z=1,108 Ve nearly. Be- 


cauſe dt“, or its Equal 3.14 Sc. * X 2c, expreſſes the 
Space a heavy Body will deſcend, by irs own Gravity, 
in the Time? ®, and fince 15: 3-74 g :: 20 : 4 An. 203. 
314 Sc. “L X 2c ( = dt?) it therefore appears that; as 
the Square of the Diameter of any Circle, is to the 
Square of its Periphery, ſo is twice the perpendicular 
Altitude of the Cone, to the Diſtance a heavy Body will 
ſteriy deſcend in the Time of one whole Gyration of 


the Pendulum, let the Bale of the Cone and the Length 
of the Pendulum be what they will. 


PROPOSITION VIL 
218. To determine the Ratio of the Velucities of Bodies 
deſcending, or aſcending, in Right- lines, when accelerated, 
or retarded, by Forces, varying according to a given Law, 


Suppoſe a Body to move in the Right-line CH, and 
let the Force whereby it is urged towards C, or H, 
R 2 3 
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Art. 212. 
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be as any variable Quantity F: Moreover, Iet the Ve- 


locity of the Body be repreſented by v; putring its 
Diſtance CD, from the Point Cx, and Dd=3. 


TH Then, ſince the Time wherein the Space 


Dad (x) would be uniformly deſcribed, with 
tA : 
D Velocity that would be uniformly generated, or 


td - deſtroyed, in that Time by the Force F (be- 
ing as the Time and Force conjunaly) will 


4 
2 conſequently be as — Which therefore muſt 
be equal to, + 5, the uniform Increaſe or 
Decreaſe of Celerity in that Time ; aad conſequently 


+ vy = Fx, From whence, when the Value of F 


is given in Terms of x, or v, the Value of v will like- 
wife be known. 2. J. 


CorotLanry I. 
219. Henee, the Law of the Velocity being given, 
that of the Force is deduced : For, ſince Fx = = vv, 


it is evident that F = + . 
TT | x 


CokolrARY II. 


220. Henee, alfo, the Ratio of the Velocity at D 
to that whereby a Body might revolve in the Periphery 
of a Circle about the Center C, at the Diſtance of CD, 
will be known: For, if this laſt Velocity be denoted by 


w, the Value of * will be rightly expreſſed by = * 


Whence, by Subſtitution, we have + v = — „or 


* 


the Velocity at D, is known to be as , 6 


in Centripetal Forces. 


— 2 Xx f b ny” 
— — 2 Sh * Soc 2 
* 7 =w X —: Whence u 925 7 5 


x 
and conſequently 0: v:: 3 2 : if =. Where, 


as well as above, the Sign of + muſt be taken + or — 
according as the Body is urged from, or towards the 


Center C. 
PROPOSITION VII. 


221. Suppoſing a Body let go from a given Point A with 
a given Celerity ( 7) along a Right-line CH, to be 
urged, either way, in that Line, by a Force varying as 
any Power (u) of the Diſtance from a given Point C; 


to find, not only, the Relation of the Velocities, and Spaces 


gone over, but alſo the Times of Aſcent and Deſcent. 


The ConſtruQion of the preceding Problem, being re- 
tained, F will here be expounded by x", and we ſhall 


thefore have + vv (= Er) =x* & and conſequently, 
ati 

by taking the Fluent thereof, + _ ti but" 6 
. n+1 

correct the Fluent thus found, let x be taken = CA 


(which we will call a) then v being =c, the Fluent in 
A «tr 


. . c 
that Circumſtance will become + — =: There- 
' 2 
141 
6 8 
fore the Fluent duly corrected is + 7 7 
11 „ | r 
9 on *, or v . Whence v will » Art. 75. 
n+ 1 1 ＋1 
— 111 271 
come out = N c + <= === — :; Where the 
n+1 | 


Signs of v and * muſt be alike, when both Quan- 
tities increaſe, or decreaſe, at the ſame time; that is, 


R 3 when 


Aut. 220. when the Force, from C, is a repulſive one “; but, un- 


like, when one increaſes while the other decreaſes, or 
the Force, tending to C, is an attractive one. In the for- 


Tbe Uſe of Fruxtons | 


2 1 —⁹,t 
mei Caſe we therefore have v= ot IT — ; 
of 63 : =_ OTA, | BY 
and, in the latter, v = * * 


The Value of v being thus obtained, let the required 
Time of moving over the Space AD be now denoted 


by T ; then, ſince Ti is r — =, we have T 


1 17 
2« — 24 
+ | 
; x | . N . 
ä — according to the two ſoreſaid 
of . E: AE 5 | 
44 oy 
nj 


Caſes reſpectively: F rom whence, by finding the Fluent, 
the Time itſelf will be known, . J. 


or T = 


CoROLLARY. 


222. If the Body proceeds from Reſt at A, c will be 


I 
= 0, and we ſhall have T = LE: £0 X x er 
24 T1 "a. 
T= — 1 
| 2 ＋ 1 
Scholluu. | 


223. Although, the Fluents of the Expreſſions given 
above, cannot be exhibited, in a general Manner, nei - 
ther, in finite Terms, nor by means of circular Arcs 
and Logarithms ; yet, in ſome of the moſt _ 

es 
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Caſes that occur in Nature, they may be obtained with 
great Facility. 8 


2 
5 1 
Thus, if in — 3 (expreſſing the Flux- 
Viaartt ot | 
ion of the Time of Deſcent along AD) u be expounded 
by 1, o, — 2, and — 3 ſucceſſively, the Fluxion itſelf | 


X * 
Va-. — 
Via xx axx ED; 
CIS. „and , dee reſpectively: Whence, if 
ARF be a Quadrant of a Circle whoſe Center is C, and 


| ASC a Semi- circle whoſe Diameter is AC, and DSR 
be perpendicular to AC ; then it will appear, 


A 85 1. That, when n=, 


[og and T = —= 
D | R V a” 5 x* 
8 the Velocity( Va 


at D will be repre- 
ſented by DR, and the 


AR 
Fluent ſought by e Art. 142. 


will become equal to 


C | F 
. Xx 
2%, That, when uo, and T = 2G wer” ch the 
Velocity at D, and the Time of Deſcent thro' AD, will 


each be defined by V2A . 
3*. That, when 2 = — 2, and T = x ee 


DS 
the Velocit Wax—xx ill be — 
A 
and the Time of Deſcent thro* AD, as zACXASÞ+DS. 


R 4 4 
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0 Art, 215. 


which in the four Caſes above ſpecified is + 
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4. And that, when n= 3, and T 


axx 


3 


0 — K 
the Velocity will be 5 and the Time as 


ACXDR. , 
Hence the Time of the whole Deſcent thro? the Ra- 


AF 3 
dius AC, appears to be as TC: V 2AC, AF, 
or AC:, But the Time of one whole Revolution in 


AF: 
the Periphery ARF He. was found to be as — Ft „ 


Ac * 
4 4AF. 
AC ? WV AC AC? 
4AF XV AC, and 4AFXAC: Therefore, if the Time 
of moving over the Quadrant AF be denoted by ©, it 


follows that the Time of Deſcent thro* the Radius AC, 


will be ” defined by 2, 2 X 2 t. 
or AN 575 Tn to the foreſaid Caſes reſpectively. 


LE MMA. 


224. The Areas which a revolving Body deſcribes, by 
Kays drawn to the Center of Force, are Proportional 
to the Times of their Deſcri _ 


For, het a Body, 

in any given Time, 
deſcribe the Right- 
line AB, with an 
uninterrupted uni- 
_- form Motion; but 

| A f 8 upon its Arrival at 
B let it be impelled 


towards the * 8, ſo that, inſtead of proceeding 


along 


in Centripetal Forces. 


along ABC, it may, after the Impulſe, deſcribe the 
Right-line ge. DE | 

Becauſe the Force, acting in the Line SB, can nei- 
ther add to, nor take from, the Celerity which the Body 
has in a DireCtion perpendicular to that Line, the Di- 
ſtance of the Body from the ſaid Line, at the end of a 
given Time, will therefore be the very fame as if no 
Force had ated; and conſequently the Area Bes equal 
to the Area BCS, which would have been deſcribed in 
the ſame time, had the Body procecded uniformly along 
BC ; becauſe Triangles, having the ſame Baſe and Al- 
titude, are equal. 

Therefore ſeeing no Impulſe, however great, can af- 
fect the Quantity of the Area deſcribed about the Center 
8, ina given Time, and becauſe the Areas ASB, BSC, 
deſcribed about that Point, when no Force acts, are as 
the Baſes AB, BC, or the Times of their Deſcription, 
the Propolition is manifeſt, | f 


CoROLLARY, 


225, Hence the Ve- 
locity of a revolving 
Body, at any Point Q_ 
or R, is inverſely as the 
Perpendicular SP or 
ST, falling from the 
Center of Force upon 
the Tangent at that 
Point, _ 

For, let two other 
Bodies m and n be ſup- 
poſed to move uniform- 
ly from Q and R, along 
the Tangents P and 
RT, with Velocities re- h 
ſpeCtively equal to thoſe of the revolving Body at Q and 
R; then the Diſtances Qu and Rn, gone over in the 
ſame Time, will be to each other as thoſe Velocities ; 
and the Areas O and RSA will be equal, being equal 

| to 
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L to thoſe deſcribed by the revolving Body in the ſame 
4 Art. 113. time“: Whence QP being = RnXST, it follows 


that Qm: Rn :: ST : 5p n 5 : 5. 


pPROPOSITION IX. 


226. To determine the Law of the centripetal Force, 
' tending to @ given Point C, whereby a Body may de- 


ſeribe a given Curve AQH, 
j 
| ESO i + 
* | 
* : 
P 1 „ 
6, i 
E. Nie 


5 
3 | | O 


Let QP be a Tangent to the Curve at any Point Q; 
upon which, from the Center C, let fall the Perpendi- 
cular CP; put CQ=s, CP Du; and let the Velocity 
of the Projectile at Q be denoted by u. | 

| , 
—z (by the Corol. to 


Lemma) it is evident, by taking the Fluxions of both 


Therefore, ſince v“ i; always as 


Quantities, that vs will alſo be as : But the cen- 


tripetal Force, whether the Body moves in a Right-line 
| or 


in Centripetal Forces. 2 51 
or a Curve, is always mom (by Art. 219. and 206.) 
Therefore the centripetal Force is likewiſe as 25 2 EV 
The ſame otherwiſe. 


227: Let the Ray of Curvature QO be denoted by 
R Then, becauſe the centrjpetal Forces in Circles are 
known to be as the Squares of the Velocities directly and 
the Radii inverſely “, it follows that the Force, tending “ Art. 212, 
to the Point O, whereby the Body might be retained in 


its Orbit at Q, or in the Circle whoſe Radius is QO, 
will be defined by - X . Whence (by the Reſolution 


of Forces) it will be CP (w) : CQ (5) =p (the 
Force in the Direction QO) : >, the Force in the 


Direction QC: Which, becauſe R = r ® will alſo . 4 73 


be expreſſed by 755 4 


Another Way. 


228. Let ng be the indefinitely ſmall Part of the 
Right-line Cg, intercepted by the Curve and the Tan- 
gent Qg, expreſſing the Effect of the centripetal Force 
in the Time of deſcribing the Area Qn. Now theſe 
Effects, or the Diſtances deſcended by means of Forces 
uniformly continued, are known to be in the duplicate 
Ratio of the Times , or of the Areas denoting thoſe e Art. 2or. 
Times +: Therefore, the centripetal Force at Q, or the +Art. 234. 
Diſtance deſcended by means thereof in a given Time, 
will be as ug apply'd to the ſecond Power of the Area 


QCz, or as c This Expreſſion is the ſame 


with 
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Art. 136. 


® Art, 68. 


| dious in Practice. 


\ 
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with that given by Sir Iſaae Newton, in his Principia, 
Book 1. Prop. 6. But, to adapt it to a fluxional Cal. 
culus ; let QE be an Ordinate to the principal Axis AG; 


and let (as uſual) AE = x, EO, AQ =z, Ee (or 


Qr) , Qq==z; ſuppoling eg (parallel to EQ) to 
interſect the Curve and the Tangent in m and 9. 

Since Qq is conceived indefinitely ſmall (or in its 
naſcent State) the Triangle amg may be taken as recti- 
lineal “; alſo the Angle n—=CQP and the Angle m= 
Qt: Whence, it will be (by Trigonometry) as S. 


cr (v) 2:8. tab my 3 i that is, W N 


* Q 
XQIX 
3; mq 1 = e r Which ſubſtituted above 


gives —— for the Meaſure of the centripetal 
| N 


Force at Q: But mg (ſuppoſing x to flow uniformly) is 
known to be as —» : Therefore he oF orce at Q: is as 


CQX Qt X —5 


C PN Oo 2% its Equal > — ; where the Di- 


viſor (u) is as the Cube of (QCg) the Fluxion of 
the Area AQC. 


The very ſame Theorem may likewiſe be Ke 
from chat given by our ſecond Method: For, ys (R) 


the Ray of Curvature at Q is univerſally = — the 


Value of 157 (chere found) will here, by Subſtitution, 


RE — 
become eu 
U 23 


This Expreſſion, tho in appearance leſs 85 Gan 
CY 
3s ? » firſt ſound, i is, for the general part, more commo- 


l Cos» 
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CoRoLLARY I. 


229. If the Point C be fo remote that all Right-lines 
drawn from thence to the Curve may be conſidered as 
parallel to each other, the Force will then (making Qr 


perpendicular to Cy) be as SD or barely as 


D ſince 5 (CQ) in this Caſe may be rejected. 

From this Expreſſion, which is general, in all Caſes 
where the Force acts in the Direction of parallel Lines, 
it appears that the Force, which always acting in the 
Direction of the Ordinate QE, would retain the Body 


in its Orbit, is every where as —= 3 becauſe QC. here 


coincides with QE, and Qr becomes = #, 


CororLary II. | 
230. Becauſe the Force, tending to the Point C, is 


univerſally C5500 (or 27 the Force to any 
other Point c, will, by the ſame Argument, be as 


F. = O | Hence the Forces, to different Centers 


C and c (about which equal Areas are deſcribed in the 

. CP; \ 
ſame time) are to each other in the Ratio of To 
_—— | 
2. inverſely. 


2 


| CoroLLtary III. 


237: Moreover, the Ratio of the Velocity at Q to 
the Velocity whereby the Body might revolve in a Circle 
about the Center C, at the Diſtance CQ, is eaſily de- 
duced from hence: For, ſince the Celerity at Qis that 

N whereby 
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whereby the Body might revolve in a Circle about the 
Center O, and the Forces tending to the Centers O and 
C are to each other as u (CP) and s (CQ) ; it there- 
fore follows, if the Ratio ſought be aſſumed as v to w, 
2 aw? | | 
that as . QC : u (ly Art. 212.) Whence alſo 
o* : w*-:: uXQO (R): Xx (5) and conſequently 


: uR _ WE. Fo 1 
UV, :: — 1: — 1 :: 2 2 * 
Ss Ju $ u 


(becauſe R = ©). 


The ſame Proportion may alſo be derived from Corel, 
2. Prep. 7. For it is there proved that : w:: 


s 


why, _ and it appears from above, that — 


: Whence the whole is manifeſt. 


If OL be made perpendicular to QC, Q will be 
CP x QO uR . 
(S5 — To 1 WK. and 02 SI; and there- 

4 1 | 
fore v: wi: QL. : CQ : Which is another Pro- 
portion of the propoſed Celeritics, 


Corollary IV. 'y 


232. Laſtly, the Law of centripetal Force being gi- 
ven, the Nature of the Trajectory AQ may from hence 
be found; for ſince the Force (F) is univerſally defined 


— it is evident that drags will be = the Fluent 
u3s 2 | 


of FE; which, when F is given in Terms of s, will 
become known; and then, the Relation between u and 
5 being given, the Curve itſelf is known, 


E X- 
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EXAMPLE I. 


233. Let the given Curve AQH be the logarithmic 
Spiral, and C the Center thereof : Then 1 (CP) being 


bs u bs as ®* Art. 61. 
in this Caſe = , we have f f ( X Nn tu . 
7 — 


—. 


f bss a 1 
1 —X x" =Vnity. Hence, 
it appears that the Force is in- 
verſely as the Cube of the Di- 
ſtance ; and the Velocity, every 
where, equal to that whereby the 
Body might revolve in a Circle at 


EXAMPLE I. 


234. Let it be #equired to find the Law of the centripetal 
Force, whereby a Body, tending to the Focus C, is made 
to revolve in the Periphery of an Ellipſis AQDB. 


From the other 
Focus F draw FK P Q 
parallel to CP meet- 
ing the Tangent 
(at Right angles) in 
K, join F, Q; put- — 
ting the tranſverſe A & O F B 
Axis AB Sa, the 


b* 

; pn * E 

=þ Then, CQ and CP? being denoted as above “, An. a3t» 
we have FQ (=AB—CQ) g-; whence, by rea- 


fon of the ſimilar Triangles CP and FC, it will be 
Ko 


Semi-conjugate OD = +8, and the Parameter 
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4 : FK. L. But FK X cp is 
= OD*® (by the Nature of the Curve.) Hence we get 


aN __ xn, 2X 4 
— = +6*; and conſequently = ; 


. | » 2 44s, - 
whereof the Fluxion being — 1 = Ji we obtain 


' 1 22 1 2 = ES > / 

Axt. 6 2% 1 1 2X4 —sS 
8 i FQ H . | | h the . : 
= x/ Fe He, it appears that the centripetal 
Force is, in this Caſe, as the Square of the Diſtance in- 
verſely ; and the Velocity at Q is to that whereby the 
Body might deſcribe a Circle at the Diſtance CQ, every 

| * 2 
where, in the Ratio of F Q to AO 


If the Curve had been an Hyperbola; then 


a2 ＋ 7 
5 


* 


"as 
4 


FO bn nor 2 Pn WOO MET ME 
and fo r = * 5 t e very ame as ore. 


But, had it been a Parabola, the Equation would have 
: 222 5 
been we 5 . and 


> — L 32 2 — — 


1 (inſtead of Xu.) would have been S2 1˙3 


a 


Par 
locity ( 'F = = 14 —. in this Caſe becoming , 


a 


2 | 2 
the Force, till, as . But, the Meaſure of the Ve- 


barely V, it follows that the Velocity in a Parabola 
is to that whereby the Body might deſcribe a Circle at the 
ſame Diſtance ſrom the Center, in the conſtant Ratio of 


N to Unity. - 
4 = 9 WR 
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EXAMPLE HI. 


23 5 Let it be required to find the Law of the centripetal 
arce, by which a Body, tending to any given Point C, 
in the Axis, is made to deſcribe a conic Section AQH. 


oT A. BB 0 
Put the ſemi-tranſverſe Axis (OA) Sa, the ſemi- 
conjugate b, and the given Diſtance of the Point 
C from the Vertex A =c : Put alſo the Abſciſſa AE, 
Dx, the Ordinate EQ=y, and CQ==s (as before.) 
The Area of the Triangle ECQ being (=ZECxEQ) 
> 2 „ its Fluxion is therefore = — BE - 
which added to yz, the Fluxion of the Area AEQs 
GH +33i—35 1 
gives 2 72 2 for the Fluxion of che whole Area 


ACQ deſcribed about the Center of Force. Whence 
(by Art. 228.) the required centripetal Force at Q will 


be 25 ———— 575+ Which Expreſſion is general, 
let the Curve be of what Kind it will. But in che 


9 TIX —x9 


b j——— : 
Caſe above, y being = 2 zx K*, we have 3 = 


** —abx* 
— = TH and gp gr —aj= 


a V 2ax & 1 Tax TT 


un 
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dun therefore, by fublituting theſe 
av 2ax+-x* 55 


t _RX = Nee Far Eee . 
X 4 . N 


Which, becauſe 75 is conſtant, will alſo be as 


— From whence it follows, 


1%. If c be = a, or the Center of Force be in 
the Center of the SeQion, the Force itſelf will be barely 
as (+9) the Diftance. - 

2. If it be in the Focus, then ac + ax & cx be- 
coming = CQX«#, the Force will be inverſely as the 


| Square of the Diſtance. 


35. If = given Point be in the Vertex A, the Force 


will be as >: Which therefore in the Circle (where a= 


) will be as , or the fit Power of the Diſtance 


repricocally. 
4*. Laſtly, if the Point t be at an indefinite Diſtance 


from the Vertex, or the Force be ſuppoſed to act in 


the Direction of Lines parallel to the Axis AO; then 


the Force will be as the Cube of OE „„ 


PROPOSITION X. 


5 236. To determine the Ratio of the Velvcities of Bodies 


revolving in different Orbits, about the ſame, or dif- 
| ferent, 3 3 the Orbits themſelves, and the Forces 
HE they are deſcribed, being given, 


Let AQH be any Orbit, deſcribed about the Center 
of Force C, and let the Force itſelf at the principal Ver- 
tex A be denoted by F; alſo let r ſtand for the Semi- 
. or the Ray of Curvature at the Vertex, _ 
et 


in Centrijetal Forces. 
let CP be perpendicular to the Tangent QP. 


QZ 


Then, the Celerity at A being, always, as A 


(by Art. 212.) we have. CP: CA :: WTF (the Ve- 
bocitj at A) to SE, the Velocity at Q (by Ar. 


CP 
225,) Which anſwers in all Caſes, let the Wee, of AC, 
r and F be what they will. # 9E.1. 


| CoroLLary I. 
237. If the centripetal Force be as the Square of the 


Diſtance inverſely, or F be n by mY the 


Velocity at "Quill become J or 


ve : Whence the Velocities, in different Orbits, 
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about the ſame Center, are in the ſubduplicate Ratio of | 


the Parameters, and the inverſe Ratio of the Perpen- 


diculars from the Center of Force to the Tangents, 


conjunctly. 
Hs CoroLLary II. 

238. Hence, if the Celerity at Q be denoted by Qg, 
and Q be drawn; then, Q being as vi „it follows 


chat 5 r is as CP Q, or as the Triangle QCg: Fhere- | 
S 2 


fore 
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fore the Areas deſcribed about a common Center of 
Force in a given Time, are in the ſubduplicate Ratio of 
the Parameters. 


CoRoLLARY III. 


239. Laſtly, ſince the Area of the Curve AHB &c. 
Ait. 234- when an Ellipſe *, is known to be as (AOX OD) AOX 


A (ſuppoſing O to be the Center) if the ſame 


be apply'd to Vr, expreſling the Area deſcribed in a 
given Part of Time (by the laſt Corel.) we ſhall thence 


8 
have AO Xx V AO, or AO“ for the Meaſure of the 
Time of one whole Revolution. From whence it ap- 
pears, that the periodic Times, let the Species of the 
Ellipſes be what they will, are in the ſeſquiplicate Ratio 
of their principal Axes, 


PROPOSITION XL 


240. The centripetal Force, tending to a given Point C, 
being as the Square of the Diſtances reciprocally, and 

the Direftion and Velocity of a Body at any Point 
being given; to deter mine the Path in which the Body 
moves, and the periodic Time, tn caſe it returns, 


K 


G .Þ * 


It is evident from Art. 234. and 235. that the Tra- 


jectory AQBis a conic Section; whereof the Point C is 
one of the Foci. | 
| Let 
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Let F be the other Focus, and upon the Tangent 
PQE let fall the Perpendiculars CP and FK, and let 
CQ and FQ be drawn: Alſo put the ſemi-tranſverſe 
Axis AO r a, the given focal Diſtance CQ = d, and 
the Sine of the Angle of Direction CQP (to the Ra- 
dius 1) m; and let the given Velocity at Q be to 
that whereby the Body might revolve in a Circle about 
the Center C, at that Diſtance, in any given Ratio of u 
f 1 I 


to Unity: Then it will ben: 1 :: FO: A0“ (by 
Art. 234.) therefore *: 1* : FQ (24—4) : AO (a); 
d 


whence AO (a) is given = 


. Moreover, ſince 
CP = mXCQ, and FKK FQ, we have OD! (= 
2 242 
CPXFK =m*XCQXFQ= ; whence the ſe- 
mi-conjugate Axis (OD) is given likewiſe, 
2 3 

Laſtly, it will be (by Art. 239.) as CTT: AO®:: 
(P) the periodic Time in any given Circle, whoſe Radius 
| AO? _ 
is CT, to{ —— XP) the required Time of one Reyo- 

CTE 


lution when the Orbit is an Ellipſis; that is, when * is leſs 


than 2: For, if »* be , the Curve (as its Axis ee, 


becomes infinite) will degenerate to a Parabola ; and, if 
n* be greater than 2, the Axis being negative, it is then 


an Hyperbola ; whoſe two principal Diameters are equal 


24 2mnd 
r „ 2, E. I. 


CoROLLARY. 


241. Secing neither the Value of AO, nor that of 
the periodic Time, is affected with n, it follows that 
the principal Axis, and the * Time, will remain 

| d 3 7 4p 
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invariable, if the Velocity at Q be the ſame, let the 
Direction at that Point be what it will. 

The ſame Solution may likewiſe be brought out, from 
Art. 238. by firſt finding the principal Parameter: For, 
it is evident that the Area deſcribed by the Body about 

the Center C, in any given Time, is to the Area de- 
ſcribed, in the ſame Time, by another Body revolving 
in a Circle at the Diſtance CQ, as mn to Unity : Hence, 
it will be 15: * :: d: (m*n*d) the Semi- parameter *: 
From which (proceeding as above) we get aXm*n*d 
(= OD*®) = m* X 2d — d; and conſequently a = 


d 
DEE $ the ſame as before. 


PROPOSITION XII. 


242. The centripetal Force being as any Power (u) of 
the Diſtance, and the Direction and Velocity of a Bedy 
at any Point A being given, to determine the Orbit or 
Trajectory. by _ 


ter ef Force C, 

to any Point B in 

the required Tra- 
jectory ABD, let 
CB be drawn; 

| 87 C, A, and 
Ab be the gi- 

ven Direction of 
the Body at the 
Point A, and 
Ch perpendicular 
thereto ; alſo let 
the Veleeity at 
A be to that 

| | whereby a Body 
might deſcribe a 

Circle AEF, about the Center C, in any given Ratio 
of p to Unity; putting CAZa, and CB =. Then, 


in Centripetal Forces. 
becauſe this laſt Velocity (the centripetal Force being as 
111 | 


* (or &) is rightly defined by a * e, the Velocity ® art. 214, 
of the Body at A will be truly expreſſed by 
11 cl Pa 7 


— — 


pa'®;, | h 
Moreover, it ĩs proved in Art. 221. and 206. that if the 
Celerity, at any given Diſtance a from the Center, be 
denoted by c, the Celerity at any other Diſtance x will 
— i 


be truly repreſented by of a2 


n+1 
1 71 


Whence, po * being ſubſtituted for e, we have 


— — 711 | 
. +x__2*__ forthe Celerity at B. 
n ty 

K 5 n+ 5 n+1 

But now, to determine the Curve itſelf from hence, 
let BP be a Tangent to it at B, and CP perpendicular 
to BP ; alſo let CB, produced, meet the Periphery of 
the Circle in E; putting the Arch AE==z, the forefaid 
Velocity at B (to ſhorten the Operation) v, and 
Cb: Then it will be (by Art. 225.) v: c (the Ve- 


beity at A)  þ: CP = © : Whence BP ( 


AIP) = V — 
9 
Moreover (by Art. 35.) we have, as CB: CP :: v: 
(& X v) the Velocity of the Body at B in a Di- 
reQion perpendicular to CE; and * as CB: 
CP 35 CPXCE 
CE :: & Xv (the faid Velocity) to gf X v the 


angular Velocity of the Point E (revolving with the 
Body.) By the ſame _ the Velocity at B in = 
OY. + JVhe 
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BP 
Direction CBE will b TR X v: Therefore, the Ve- 


Iccity of E being to the Velocity of B, in the ſaid Di- 


| CPXCE BP. 7 
rection, as N to iz the Fluxions of AE (z) 


and CB (x) muſt conſequently be in that Ratio; that is, 

CPXCE*BP-- „ CPXCE _ 

"Tj (B +; whence = NBP *. = 

„ ae 4 

v 1 POTEN OT woes” x N -er DS 
abx 


a Yb Which Equation 1s general, let the 


c* 


Law of the centripetal Force be what it will: But in 
the Caſe above propoſed, v* being = 2 8 
n+ 1 


and c = p; it becomes & = 


. | abdx 
3 = X — $*þ* af 
in 


Fluent is the Meaſure of the angular Motion; from 
which, when found, the Orbit may be conſtructed : 
Becauſe, when AE, or the Angle ACE is given, as 
well as CB, the Poſition of the Point B is alſo given. 
But this Value of & is indeed too complex to admit of 
a Fluent in algebraic Terms, or even by circular Arcs 
and Logarithms, except in certain particular Caſes; 
as when the Exponent u is equal to 1, — 2, — 3, or 
s; beſides ſome others wherein the Values of p an 
x are related in a particular Manner, . 


2x 
n+1 


Co- 


in Centripetal Porces. 
Cororlary I. | 
243. If the given Velocity at A be ſuch that 5 ++ 
-I7 = 0, or þ= — (which is always poſſible 
when the Value of 25 1 is LY our Equation will 
become 5 == — — : Which, by put- 


TS TEES 


ting nN, &c, is reduced to = = 


Whereof the Fluent will be found (by the ſecond Part 


of this Work) equal to + - multiply'd by the Dif- 


ference of the two circular Arcs, whoſe Secants are 


I 
T 
x 


— and ©, to the Radius Unity. From this Va- 


| 3 b 


lue of the Arch AE the Poſition of the Point B, in the 
Qrbit, is given. 


265 


But if the Angle of Direction CAb be a right one, 


the Fluent will become barely = + = X Arch whoſe 
X SLE 
Secant is — (becauſe then ==, and the Arch whoſe 
a 2 


oe ff 2 


a 8 — 
Secant is 3, o) which therefore when x becomes 
| in- 
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1 . 
infinite, will be truly defined by + re X whole Peri- 
phery AF, &c. Whence it is evident that the Body 


ol 


muſt either fly intirely off, or fall to the Center C, in 


| a Number of Revolutions expreſſed by + _ 5 accord- 


ing as the Value of m is poſitive or negative. , 
Thus, if 1 = — 2, and m 1, the Body will fly 
intirely off in half a Revolution: And, if n= — 4, 
and m —= — I, it will fall to the Center in half a Re- 

volution. | | 


_ . CorRoLLaARY II. 


244. Moreover, tho” the Fluent expreſſing the Angle 
at the Center cannot be exhibited in a general Manner, 
yet there are certain Caſes of the Exponent (2) where 
its reſpective Values may be derived from each other. 

For let (as above) » + 3 be put = m, and (to 
ſhorten the Operation) let CA (a) be taken as Unity : 
Then our Equation will be transformed to & = 

bx 


= 2 55 and it will be farther transformed to £= 
4 : a MESS! by 


.. 
2 * 


27* 
— — 
m — 2. p 


1+ WO" up 


m— 2. p 


2 


Pur = =, and it will become = = X 
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Which Expreſſion (excepting the general Multiplicator 
8 | 
=) being exactly of the fame Form with the firſt 


above given, muſt therefore be the Fluxion of the Angle 
at the Center, when the Index of the Force is r—3 ; 
for the very ſame Reaſons that the former appears to be 
the Fluxion thereof when the Index is m—3 (or n.) 


Hence, if the Fluent of 
2 | 


5 of the 


j. 1+: wy 3 


Angle at the ons when the Exponent is r—3 (or 


+ 4 
— 32 mw og), be denoted by ww, the Value 


of z, (the Meaſure of the faid Angle, when the Ex- 


ponent is m —3 (or 1) will be truly defined by —. 
From which we collect that, if the Indices of the 
Force, in any two Caſes, be repreſented by » and 725 3 


— 3, and the reſpective Diſtances from the Center by 


» 2 272 
x and x * , then the Angles tanking correſponding 
to thoſe Dikances will be every where in the conſtant 


Ratio of 2 to n+3. Therefore, when the Orbit can 
be 
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be conſtructed in the one Caſe, it alſo may in the other, 


pb N 2þ* 
rovided the above Equation g* (= — ==—— }= 
Pp quation g* ( —P—_ 
. +30 , for the Relation of the Celerities at A, 
2 +n+1.p | | 


does not become impoſſible, as it will, ſometimes, when 


n is a negative Number. 


CorortLtary III. 


245. If the Body be ſuppoſed to move in a ver- 
tical Direction AH; then, putting the Velocity 


„ 


J 
. = O, We get x 
1 
— n + | 
(CH) = 4p*Xa+1+ 10 * a = the Height 


x 
— 111 
to which the Body will aſcend: Hence 5p*x n+ 1+ i) 
Xa —a (AH) is the Diſtance thro* which it muſt 
freely deſcend to acquire the given Celerity at A: This 
Diſtance, in caſe of an uniform Force, when So, 
will become = Da And, when the Force is in- 


verſely as the Square of the Diſtance, it will then be = 


þ*a 
225 
But, when p=1, or the Velocity at A is juſt ſuffi- 
cient to retain a Body in the Circle AEF, AH becomes 


3 
— 
= IE 'Xa—a: Which in the two Caſes 


aforeſaid will be equal to a, and a reſpectively; but 
intinite, when u is = — 3. : pe Y 3 but, 


Co- 
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Corortarny IV. 


246. When the Value of »+1 is poſitive, the Ve- 
locity at the Center, where x o, will be barely = 


+ 2 X ; but if the Value of n+ 1 
| I 


be negative, the Velocity at the Center will be infinite; 
becauſe, then o is infinite, | 


 CoroLLarY V. 
247. Moreover, when 1 + 1 is negative and x in- 


————— 
finite, the Velocity allo becomes = , / Pei 
n+1 

becauſe then K T o. | 
Hence, if the centripetal Force be inverſely as ſome 
Power of the Diſtance greater than the firſt, the Body 


may aſcend, ad infinitum, and have a Velocity always 


tin o/ e ee, 
greater n 1 which is to, 
—. | 2 
pa, the given Velocity, at A, oy PIs 7 
p. And this will actually be the Caſe when the Value 


2 
— 2 —1 


of $+=—5= is politive, or p* greater th: 
1 5 5 greater than 
but not otherwiſe, the ſquare Root of a negative Quan- 
tity being impoſſible. 

Thus, if 1 = — 2, or the Force be inverſely as the 
Square of the Diſtance, and p*, at the ſame time, greater 


than 2 ( - 


) the Body will not only continue to 


aſcend in infinitum, but have a Velocity always greater 
than that defined by Wp*—2, which is its Limit. 
| Co- 
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Corollary VI. 


248. Hence the leaſt Celerity ſufficient to cauſe the 
Body to aſcend for ever in a Right-line is given. For, 


putting Spb xt = o, we have p 
7 1 . Therefore the leaſt Celerity by which 


the Body might aſcend for ever, is to that wheteby it 
may revolve in a Circle AEF, as | 0 


— 2 —1 


. 


Unity. From which it appears that, if the Force be 
inverſely as any Power of the Diſtance greater than the 
third, a leſs Velocity will cauſe a Body to aſcend ad in- 


finitum than would retain it in a Circle. 


SCHOLIUM. 


. (249% From the Ratio of the Velocity 


I 71 15 | 

t 2 2 a SI. 2 — 

4 * + TT a = wherewith the 

Body artives at any Diſtance x from the Center, to that 
2 


t. 214. (. / which it ought to have to revolve in a Circle 


at the ſame Diſtance, it will not be difficult to determine 
in what Caſes the Body will be forced to the Center, 
and in what others it will continue to fly it ad infinitum. 
For, firſt, if the Angle CAb be acute, or the Body 
from A begins to deſcend, it will continue to do ſo till 
it actually arrives at the Center, if the former Velocity, 
during the Deſcent, be not ſomewhere greater than the 


latter, or the Quotient F p* + 8 
A 


greater than Unity ; becauſe, if it ever begins to aſcend, 
| 5 it 
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it muſt have an Apſe, as D (where a Right-line drawn 
from the Center cuts the Orbit at Right-angles) and 
there the Celerity muſt evidently be greater than that 
- ſufficient to cauſe the Body to revolve in a Circle. 
Secondly, but if the Quantity 


Wy 3 ED hs — 9 RGSE. 
e e FE e 


the Body towards the Center, increaſes ſo as to become 

pg than Unity, or be every where ſo; then the Ve- 

ity at all inferior Diſtances being more than ſufficient 

to retain a Body in a Circle at any ſuch Diſtance, the 
Projectile cannot be forced to the Center. . 

After the ſame Manner, if the Angle CAò be ob- 
tuſe, or the Body from A begins to aſcend, it will con- 
tinue to do ſo for ever, when the foreſaid Quantity is 
always greater than Unity, or, which is the ſame, when 
the Body, in its Receſs from the Center, has in every 

Place thro* which it paſſeth, a 8 than 
ſufficient to retain it in a Circle at that Diſtance. 

It therefore now remains to find in what Laws of the 
centripetal Force theſe different Caſes obtain : And, firſt, 
it is eaſy to perceive that when the Value of n+ is poſi- 
tive, that of 3 NK 3 

31 r ; 
by increaſing x, become equal to nothing. Therefore 
the Body cannot aſcend for ever in this Caſe : Neither 
can it deſcend to the Center (except in a Right-line) 
becauſe the foreſaid Quantity, by diminiſhing x, be- 
comes greater than Unity (or any other aſſignable 
Magnitude.) 

But, if tbe Value of n be betwixt — 1, and —3, 
the faid general Expreſſion, taking » infinite, will alſo 
2 


become infinite, provided the Value of p* + 2 be 


2 
poſitive (or p* greater than er Therefore the 
| Body 
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Body, in this Caſe, may aſcend ad infinitum, but cannot 
poſſibly fall to the Center (except in a Right-line) fince, 


N „ the Value of the general Expreſſion, 
when x=0, is greater than Unity. . 
Laſtly, if n be expreſſed by any negative Number 
greater than — 3, or the Law of the Force be inverſely 
as any Power of the Diſtance greater than the third, the 


2 2 * 8 


will, Hill, be denoted as in the preceding Caſe; but 
here the latter of them, 7 I is lefs than Unity. 


Therefore the Body muſt, in this Caſe, either aſcend for 
ever, or be forced to the Center; except in one parti- 
cular Circumſtance, hereafter to be taken notice of. 
Now, from theſe Obſervations we gather, 
15. That, when the centripetal Force is as any Powe 
of the Diſtance — or leſs than the firſt Power 
thereof inverſely, the Orbit will always have an higher 


and a lower Apſe; beyond which the Body cannot 


aſcend or deſcend. | 7 

2%. That, when the centripetal Force is inverſely 
as any Power of the Diſtance (whole or broken) be- 
twixt the firſt and third, the Orbit will alſo have two 


Abſides, if p be leſs than # — ap but otherwiſe, 


only one; in which laſt Caſe the Body, after it has 
aſſed its Apſe, will continue to recede from the Center 
in infinttum. | : 

36. That when the Force is inverſely as any Power 
greater than the third, the Orbit can, at moſt, have but 
one Apſe ; but, in ſome Caſes, it will have none at al}: 
And it may be worth while to inquire here, under what 
Reſtriftions of the Velocity (p) this will happen; ſince 
thereby, beſides being able to know when the Body will 

be 


In Centripetal Forces. 
be forced to the Center, &c, we ſhall fall upon a Cir- 


cumſtance ſomewhat remarkable and curious. 
Now it appears, that, if the Body from A begins to 
deſcend, it muſt, when it comes to an Apſe at D, have 


a Velocity there greater than is ſufficient to retain it 
in a Circle; in which Caſe the general Expreſfion 


of 3 2 — — (ſo often mention'd 
5 11 tl aÞ1 PM on 

above) muſt accordingly be greater than Unity. Let 
it be therefore made equal to Unity, which is the ut- 
moſt Limit thereof, beyond which the Orbit cannot ad- 
mit of an Apſe; putting at the ſame time x, or its Diviſor 


2 $2 + 2— 5 7 © 0 
Irie 


=") «+1 23 | n+3 
2+n+ 1. p* a d 3 2 —— 
24+n+ 1. 5 * * 
— X . Now, it is evident, if the 
75 | 


Value of p be greater than is given from the laſt Equa- 
tion, the Orbit will have an Apſe ; but it leſs, it can 
have none. In the former Caſe, the Body will theres 
fore fly quite off; and in the latter, it will be forced to 
the Center. But we are now, naturally, led to inquire 
what will be the Conſequence when the Value of p is 
neither greater nor leſs, but exactly the ſame as given from 
the foreſaid Equation : This is the Caſe above hinted at; 
and here the Body will continue to deſcend for ever in a 


Spiral, yet never ſo low as to enter within the Circle 


1 
n 11 


whoſe Radius CD is = 3 Xa. For, if 
a+; | | 


* the 
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the contrary were poſſible, the Body, at its Arrival to the 
Circumference of that Circle, would (becauſe of the 
foreſaid Equations) not only have a Direction, but alſo 
Velocity proper to retain it therein; which cannot be, 
becauſe the Parts of the Orbit on either Side of an Apſe 
are always ſimilar to each other. 

From the ſame Equation, the Value of the Limit 
will alſo be given when the Angle of Direction CAS is 
obtuſe, or the Body is projected upwards : 

For that Equation (as is eaſy to demonſtrate “) ad. 
mits of two different Roots, or Values of p; the one 
greater, the other leſs, than Unity: Whereof the for- 
mer, giving CD (x) leſs than CA, is to be taken in 
the preceding Caſe, and the latter (making CD greater 
than CA) in the preſent. And the Body will, either, 


continue to aſcend for ever, or come to an Apſe, and 


from thence fall to the Center, according as the given 
Value of p is greater or leſs than that here ſpecified. 
But if it be neither greater nor leſs, but exactly the 


ſame, then the Body, tho? it will till continue to aſcend 


for ever in a Spiral, yet it can never riſe ſo high as 
the Circumference of the Circle whoſe Radius CD is = 


. 
LE] Xa, for Reaſons ſimilar to thoſe already 

* a 
deliver'd, in reſpect to the preceding Caſe. 


”-— Mathematical Difert. p. 167. 
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